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Abstract. We develop a general framework to deal with the unitary representations of quantum 
groups using the language of C*-algebras. Using this framework, we prove that the duality holds 
in a general context. This extends the framework of the duality theorem using the language of 
von Neumann algebras previously developed by Masuda and Nakagami. 



0. Introduction 



When we look at quantum groups, we still have the shortage of examples which are studied 
in detail from all points of view. This applies mostly to noncompact groups. As long as we 

■ deal with the examples of the quantum groups of the compact type, the existence of the Haar 
/^^l measure, the (relative) invariance of the Haar measure with respect to the scaling automorphism 

. ■ group etc. are all clear even from a very general point of view. Due to the Peter- Weyl theorem 

1^ I for quantum groups of classical type, we can characterize the object by making use of the set of all 

■ matrix elements W = {wij}ij of all possible finite dimensional (unitary) representations without 
using functional analysis. However, even in the compact case, the C*-algebraic framework is 
essential to guarantee the existence of the Haar measure, from which almost all the theory of 
representations has been developed |^ . 

^ I However, once we become interested in quantum groups of non-compact type, we are faced 

' for instance with a serious necessity for the convergence of the infinite sums of matrix elements 

I of infinite dimensional unitary representations. Furthermore, the Haar measures correspond to 

Q*,^ ' unbounded linear functionals and the elements which generate the coordinate ring of the quantum 

I group arc unbounded linear operators, which cause analytical difhculties. Therefore we are obliged 

CO ' to work with some appropriate notions and the basic tools of functional analysis, in particular the 

I language of operator algebras. Despite these difficulties, there are some quite explicitly studied 

r"| ■ quantum groups like quantum Lorentz groups, Eg{2), quantum 'az -|- &' group, quantum 'ax + b' 

! group, 5T7,(1,1) etc. of non-compact type EH|, |S21, ESI, EH, E], HHI with infinite di- 

mensional irreducible unitary representations. Furthermore we are still discovering new explicitly 
computable quantum groups of non-compact type. All of them should be investigated from the 
point of view of algebra, analysis and geometry. 

^ I Now, the history of the operator algebraic study of the classical locally compact groups (with 

■ the duality theorem) goes back to Stinespring who transferred the regular representation to what 
we nowadays call the multiplicative unitary operator for the purpose of generalizing the Tannaka- 
Krein's duality to unimodular locally compact groups. Then it was Kac and Takesaki who inde- 
pendently used this unitary operator to extend the duality theorem for the category which is much 
wider than that of locally compact groups. Immediately after that, it was Tatsuuma who recog- 
nized the importance of this unitary operator and named it the "Kac- Takesaki operator". After 
that, Enock-Schwartz and Kac-Vainermann completed the theory of generalized locally compact 
groups, which they called "Kac algebras" and introduced the "fundamental unitary" playing the 
role of Kac- Takesaki operator. The details concerning the Kac algebras including the history of 
the development of the subject (before the appearance of quantum groups) can be found in their 
book [7] . It is also remarked that in the development of those theoretical frameworks to deal with 
the general theory of locally compact groups including the duality theorem, all the achievements 
were made on the basis of von Neumann algebras by the heavy use of the Tomita- Takesaki theory. 
The only approach based on the language of C* -algebras was proposed by Vallin in which the 
theory was not developed in full generality due to the lack of the reasonable integration theory 
for C*-algebras. It is also emphasized that the condition which we now call the strong (right) 
invariance had been used from the early stage for the development of the subject. 

In the middle eighties, after the famous discoveries of Leningrad school, Drinfeld and Jimbo 
introduced quantum groups as deformations of enveloping algebras of semisimple Lie algebras. At 
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the beginning these objects were of purely algebraic nature. In particular only finite-dimensional 
representations and no *-involutions were considered. 

A little later the third author introduced a noncommutative analogue of the algebras of func- 
tions on compact groups. Then the ^-involution was an essential part of the considered structure. 
It allowed to distinguish compact and noncompact quantum groups and to consider unitary rep- 
resentations of quantum groups. For noncompact groups unitary representations can be infinite 
dimensional which requires the use of analytical methods. One of the aims of this publication is 
to draw attention to the importance of the functional analytical methods from this point of view. 

It was the paper of Baaj and Skandalis (Ij who first gave a reasonable framework to deal with 
such problems on the basis of the multiplicative unitary operator. Their approach avoided the 
discussion of Haar measures while the duality and the fact that the dual of the dual is isomorphic 
to the original object were a trivial consequence of the definitions. Their theory in large part 
worked with C*-algebras. 

In |19j . the first and the second authors gave an alternative formulation of the theory including 
the discussion of the Haar measures with the duality being a deep theorem. That paper was based 
on the straightforward use of the Tomita-Takesaki theory to deal with the Haar measure following 
the above mentioned theory of Kac algebras. We were obliged to sacrifice the topological nature of 
the underlying quantum groups which we believe to be important nowadays. This is why we need 
a reasonable framework to deal with the quantum groups as a generalization of locally compact 
groups. For this purpose, the right choice of the language and the axioms are important. 

Here we would like to list a number of requirements that any good axiomatization of the theory 
of locally compact quantum groups should satisfy. In our opinion the quantum theory should be 
developed in the way parallel to the classical one. In particular this rule determines the choice 
of basic concepts. Classically the groups are locally compact spaces endowed with a group rule. 
By the famous Gelfand-Naimark theorem locally compact spaces are in one to one correspondence 
with commutative C*-algebras (unital if the considered spaces are compact). Following the general 
philosophy, passage to quantum spaces consists in using noncommutative algebras. Consequently 
the underlying spaces of quantum groups should be described by noncommutative (in general) 
C*-algebras. The use of von Neumann algebras seems not to be appropriate. They correspond (in 
commutative case) to measure spaces. Of course, one is able to develop the theory of groups with 
underlying spaces being measure spaces, but this theory is less natural and more complicated than 
the theory of locally compact groups. 

The next reason why one should work with the language of C* -algebras is the more natural 
description of homomorphisms of (quantum) groups. Assume that we have a locally compact 
subgroup H (of lower dimension) of a locally compact group G. Within the C*-algebra language, 
the inclusion H C G is described by the restriction map Gq{G) 9 a — > a|/f g C'boundod(-ff), which is 
a morphism (in the sense of PJj; cf. Definition I A. 4|l from Co(G) into Co{H). In the von Neumann 
algebra setting the corresponding restriction map L°°{G) L°°{H) does not make sense. 

Now we pass to the second ingredient of the concept of a group which is the binary operation 
called the group rule. Let G be a group. Classically the group rule is a continuous mapping 
from G X G onto G. Passing to the quantum theory we replace cartesian product of spaces by 
tensor product of algebras (alternative choice would be the free product of algebras but then all 
the classical groups would be lost). Let a be a C*-norm on the algebraic tensor product A(g)aig B 
of C*-algebras A and B. By definition, tensor product A B is defined as the completion of 
A (E)aig B with respect to the norm a. 

Let A be a C*-algebra related to a quantum group. The correspondence between spaces and 
algebras is a contravariant functor. It changes the direction of morphisms. Therefore the group 
rule corresponds to a morphism 6 from A into A (X)q, A. This is the so called comultiplication (we 
use small letter S, because the symbol A is reserved to denote the modular operator in Tomita- 
Takesaki theory). In this context one has to pay some attention to the notion of morphism of 
C*-algebras. The usual *-algebra homomorphisms are not appropriate to use in the context of 
quantum spaces. They correspond (in the commutative case) to the proper continuous mappings 
of underlying locally compact spaces. On the other hand the group rule is not a proper mapping 
from G X G into G if G is not compact. Therefore one has to modify the notion of morphism 
creating a new category of C*-algebras. Restricted to commutative algebras the category should 
be (anti)-equivalent (via Gelfand Naimark theorem) to the category of locally compact spaces and 
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(all) continuous mappings. Such a category of C*-algebras was proposed in [2^ (see also [SU). 
13111. For reader's convenience we recalled the definition of morphisms of C*-algebras in Appendix 
m (Definition Ell. 

In general we have more than one C*-norm on A ^aig A. Among them there is the minimal 
one that corresponds to the spatial tensor product of C*-algebras denoted simply hy Ai^ A. Due 
to the minimality, for any C*-norm a we have canonical epimorphism ■ ^ A ^ A A. 
Replacing 6 by \1/q,°5 we obtain a morphism from A into A<S) A. Therefore the choice of spatial 
tensor product as the operation corresponding to the cartesian product of spaces produces the 
theory with larger (than with other choices) class of examples. It is also worth mentioning that in 
most known examples the algebra A is nuclear and all tensor products A (S)a A coincide. 

Summing up: The basic concepts of the theory of locally compact quantum groups should be a 
C*-algebra (say A) together with a morphism 6 E Mor{A, A^ A). In the last expression '(g)' and 
'Mor' denote the spatial tensor product of C*-algebras and the set of morphisms in the sense of 
Definition lA. 41 

If A is commutative then by Gelfand Naimark theory A — Coo (G) , where G is a locally compact 
topological space and 6{a){g,g') — a{gg'), where 

(0.1) GxG3{g,g')^gg' eG 

is a continuous mapping. 

Now we shall discuss the most desired system of axioms. Quantum groups with commutative 
A should coincide with the usual groups. In this case our axioms should reduce to the axioms or 
simple theorems of the theory of locally compact topological groups. This requirement is satisfied 
by axioms of the coassociativity of S, the properness and the cancellation law (see Definitions 
11.21 and 11.31 in the next section) . The coassociativity clearly corresponds to the associativity of 
the group rule IjU.ll) : (5132)53 = 51(3253) for any 51,52,53 G G. The properness means that the 
mappings G x G 3 {g,g') ^ (9,99') € G x G and G x G 3 {g,g') 1-^ {gg',g') € G x G are proper 
i.e: {g,gg') and {gg',g') tend to infinity when {g,g') tends to infinity. The cancellation property 
states that for any 5, 51, 52 S G we have: 

(.931 ^ 992)=> (51 =92), 

{919 = 325) => {91 = 92)- 

A good candidate for an axiom is the statement of Theorem 15. 161 Combined with the properness 
and cancellation law it reduces (for commutative A) to the postulate saying that the relations 
5 = hh' and h — gg' define a homeomorphism 

G X G 9 (5, 5') I — » [h, h')eGxG 

acting on G X G. Unfortunately at present we are not able to base our theory on axioms of the 
form similar to the statement mentioned above. 

By simple theorems of the theory of locally compact topological groups (the phrase used in 
the previous paragraph) we mean statements that may be derived from axioms by short and easy 
reasoning. In principle they should be found (explicitly or implicitly) on first pages of handbooks 
devoted to the subject. The Haar theorem stating the existence of the right (or left) invariant 
measure does not belong to the category of simple theorems. In a good theory of locally compact 
quantum groups, the existence of the Haar weight should be one of advanced theorems. 

This is why the existing axiomatizations of the theory of locally compact groups are not sa- 
tisfactory. In all the approaches (including that of Kustermans and Vaes and the one used 
in the present paper) the existence of the Haar measure is included as one of the axiom of the 
theory. We strongly believe that this is a temporary situation and that in the future we shall have 
a theory that will satisfy the requirements listed above. To find a satisfactory axiomatization it is 
important to understand well the logical relations between the basic concepts and statements of 
the theory. This is the main purpose of the present paper. 

Taking the above discussions into account, we aim to present a reasonable framework, as general 
as possible, to formulate (within the formalism of C*-algebras) the objects which we recognize as 
locally compact quantum groups. We are going to improve our previous approach |19j based on the 
language of von Neumann algebras. Our first results were announced by the third author at Fields 
Institute and by the first author at Banach Center in 1995. Then the first author also announced our 
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preliminary results in an expository article [Uj . On the way, the third author modified the theory 
of multiplicative unitaries j34j replacing the (semi)-regularity condition of Baaj and Skandalis by 
a new one better suited to our aims. While the present version of our paper was being developed, 
Kustermans and Vaes ^SI found an alternative approach to the locally compact quantum groups 
starting from a completely different set of axioms and proving the duality theorem. However, in 
both cases, the existence of the Haar measure(s) is an inevitable assumption. This means that the 
both are still on the way to be completed. The existence of the Haar measure should be derived 
from a more primitive set of axioms. 

Now we have a final comment on the strong right invariancc which is one of our axioms. It is the 
only axiom that relates the antipode with remaining structure (comultiplication, Haar measure). 
On the other hand, Kustermans and Vaes ^21 proposed to assume the existence of both the right 
and the left Haar measures. Then the existence of the antipode is a sophisticated theorem. It 
seems that, in both cases, those conditions are essentially related to the manageability which plays 
an important role in both approaches. 

In we discussed the properties of the special one parameter automorphism groups which 
we now call the scaling groups. This is the symmetry first recognized in jl8| which describes an 
obstruction of our object to being a locally compact group or a Kac algebra. We also remark that 
there are many improvements of the proofs as well as the basic axioms comparing with what is 
given in [TO] : 

(1) The main definition II. 51 is simplified: the commutativity of the coproduct with the unitary 
antipode as well as with the scaling group; and the commutativity of the left and the right 
Haar weights; are not assumed. 

(2) In case of weights (contrary to the states) the commutativity of the two weights (p and tp 
does not imply that the Connes' Radon-Nikodym cocycle {Dip : Dip)t is invariant under 
the group of modular automorphism {erf 

(3) There is a gap in the proof of Lemma 2.14 in ^Hl- The assertion is true by Theorem 16. 101 
of the present paper. 

(4) The invariancc of the Haar weight with respect to the scaling automorphisms is replaced 
by relative invariancc. 

The relative invariance (instead of the invariancc) of the Haar weight under the scaling group 
appeared first in the paper of Kustermans and Vaes |I2j as a result of their axioms. Recently, Van 
Daele j2Z| found that the quantum groups 'ax + V and 'az + V introduced in ,351 IS7] have Haar 
measures which are relatively invariant but not invariant with respect to the scaling automorphisms. 
To include such examples in our framework we assume the relative invariance of the Haar weight. 
This modification was very easy, it resulted in a number of minor changes. 

Now we summarize the organization of this paper. In Section ^ we give our basic definitions 
and the axioms of weighted Hopf C*-algebra which we discuss throughout this paper. Then using 
the GNS construction we introduce the Hilbert space and reveal the content of the strong right 
invariance. Section|21is devoted to an investigation of matrix elements of the Kac-Takesaki operator. 
We prove the theorems describing the coalgebraic properties of scaling group and unitary antipode. 
In Section |21 we show that the Kac-Takesaki operator is a multiplicative unitary and that it is 
manageable in the sense of [Hi]. Then the general theory of multiplicative unitaries enable us 
to introduce the basic objects related to the dual weighted Hopf C*-algebra. In Section 01 we 
discuss the Radon-Nikodym derivative of the left Haar weight with respect to the right one. This 
derivative is determined by two operators p and 7. Later in Section |51 we show that p is affiliated 
with the considered C*-algebra and 7 is a multiple of unity related to the constant describing the 
relative invariance of the Haar weight. In the last part of Section 01 we prove the uniqueness of the 
antipode and the Haar weight. SectionElis devoted to the properties of an operator A which plays 
an important role in our analysis. In Sectional we introduce the dual GNS-mapping rj. Operator 
A introduced in the previous section turns out to be the modular operator related to rj. At the end 
of this section we discuss the behaviour of the (right invariant) Haar weight with respect to left 
shifts. In SectionCI we introduce the dual Haar weight. This way the construction of dual weighted 
Hopf C*-algebra is achieved and the duality is shown. In our work, we deal all the time with the 
"regular" representations and the "regular" dual in order to have faithful dual Haar weight. This 
means that our multiplicative unitary operator is the "regular" bicharacter. However, we are also 
able to discuss the universal dual with the universal bicharacter. This topic will be discussed in a 
separate publication. Section |H1 is devoted to the quantum codouble construction which is a dual 
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version to the Drinfeld's quantum double. It helps to deal with examples like quantum Lorentz 
groups. 

Then we have six Appendices ranging from mtoEl This is where we collect the technicalities 
used in our paper. A few fundamental facts on the multiplier algebra and the definition of the 
set Mot{A, B) of morphisms are given in Appendix ^ Appendix contains the concepts of 
GNS mapping, its commutant (and the corresponding bicommutant theorem) and (exact) vector 
presentation of a GNS mapping. These concepts provide a convenient language for the Tomita- 
Takeski theory outlined in Appendix ^ Appendix [0 is devoted to weights and their properties 
(such as strict faithfulness) on a separable C*-algebras. Tensor products of the GNS-mappings 
are discussed in Appendix IeI In the last Appendix IfI we present the basic properties of analytic 
generators of one parameter groups acting on Banach spaces. 

Some remarks on the terminology used in this paper: First of all, we decided to use the name 
"weighted Hopf C*-algebra" for the basic object of this paper. We have to acknowledge that the 
terminology "Hopf C* -algebra" is already used in the paper of Vallin [^Hl and also in the paper of 
Baaj and Skandalis |Tj in a different context. The word "weighted" means that we deal with the 
object with a Haar weight. Then, the one parameter family of automorphism which comes from 
the "radial part" of the antipode is called the scaling group. (In ^H]) we called it the deformation 
automorphism group.) We hope that our choice of the terminology will not cause any confusion 
to the readers. 

Another change which we have to acknowledge is the choice of the particular form of Kac- 
Takesaki operator W. In general, the Kac-Takesaki operator is introduced by choosing a certain 
linear mapping acting on the tensor product of the function algebra by itself and pushing it down 
to the Hilbert space level. There are several possibilities. In ^U] we used the mapping 

(0.2) a (8)5 I — >5{b){a^l). 

This choice forced us to work with the left invariant Haar weight and with the strong left invariance 
axiom. In the present paper, we replace 1)0. 2|l by the mapping 

a(g)b I — > S{a){l (g) b). 

Consequently we work with the right invariant Haar weight and the strong right invariance. This 
choice is consistent with the notational convention of Baaj and Skandalis ^ and the framework 
developed in 
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1. Basic definitions and axioms 

The main aim of this section is to introduce the notion of a weighted Hopf C*-algebra. 

Some remarks on used notation. The unit 1 = 1^^ of a C*-algebra A always means the unit ele- 
ment of the multiplier algebra M{A). Then id denotes the identity mapping. For the inner product 
the physicist convention is used, i.e. {y\x) is linear in x and conjugate linear in y. Throughout 
this paper, all C*-algebras and all Hilbert spaces are assumed to be separable. Moreover all tensor 
products of C*-algebras are minimal tensor products unless specially mentioned. We shall use 
compositions of the form ip°K, where ip € A* and k is a closed operator acting on A. We write 
ipoK S A* if there exists a ip G A* such that i/j{a) — (p{K{a)) for all a € I?(k). Clearly ip is unique 
and is denoted by (pon. 

To understand well the forthcoming definitions and results the reader is advised to look at 
Appendices ^ and O where the basic notions such as multipliers, morphisms and weights are 
explained. 

Now, we are ready to give our basic definition of the weighted Hopf C* -algebra. 
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Definition 1.1. A pair {A, 6) where A is a C* -algebra and S G Mor{A,A(E) A) satisfying the 
coassociativity condition {5 (8) id^)o5 = (id^i (g) S)°S is called a C*-bialgebra. 

The mapping S will be called a coniultiplication or a coproduct. In what follows we denote by 
1 — 1a the unit of the multiplier algebra M{A). The relation S E Mor(A, A(E) A) does not mean 
that (5(a) G A<g)AloTa € A. We know only that (5(a) e M{A<S)A). It means that ^(a) (6(8) c) £ Ai^A 
and {b (g) c)(5(a) G A^ A for any a,b,c G A. Therefore the following definitions are relevant: 

Definition 1.2. A C* -bialgebra {A, S) is said to be proper if 6 (a) {1 iS) b) and (6(8)l)(5(a) belong to 
A^ A for any a,b,c E A. 

Definition 1.3. Let {A,S) be a proper -bialgebra. We say that {A, 6) has the cancellation pro- 
perty if the linear spans of the sets {(5(a)(l (8 6) : a,b £ A} and {(6 (8 l)S{a) : a,b £ A} are dense 
in A(g) A. 

Let {A, (5) be a proper C*-bialgebra. Then for any continuous linear functionals ip,^ £ A* and 
any a £ A, the convolution products 

(Z) * a := (id (8 tp)S(a), 

(1.1) 

a * -0 := (-0 (8 id)(5(a). 

belong to A. Indeed, by Proposition IA.2I we may assume that ip = bcp' and ip ~ ip'c, where 
(p',ip' € A* and b,c£ A. Then 

{id(E)(p'){6{a){l(g)b)} , 
a * (0' (8 id) {(c(8 l)(5(a)} 

and our statement follows immediately from the properness of the considered bialgebra. We shall 
also use the convolution product of functionals: 

if*ip:— ((/5 (8 ip)°S £ A* . 

One can easily verify that 

[if * 'ip){a) = ip^ip * a) = ijj{a * ip). 

Due to the coassociativity of the comultiplication, the convolution product obey the following 
associativity laws: 

(-0 * (p) * a = "0 * (v' * a), 
(a * "0) * = a * (0 * lys), 

(iy9 * a) * = iy9 * (a * "0)? 

In these formulae a £ A and 1^9, x, G 

Throughout the paper, the concept of a right invariant weight on a C*-bialgebra plays an 
essential role. In brief, h is right invariant if {h (g) id)(5(a) — h{a) 1. 

Definition 1.4. Let {A,5) be a G* -bialgebra and h be a locally finite, lower semicontinuous weight 
on A. We say that h is right invariant if for any a £ A^ such that h{a) < 00 and any ip £ A*^ we 
have 

h{ip * a) = ip{l)h{a). 

We shall use standard notation: For any weight h we set: 

— {a £ A : h{a*a) < 00} , 

Tlh= {a£A+: h{a) < oo}""^'^'' ''P'^" 

= {a*6:a,6efn4""'="''^P"" 

It is known that h extends uniquely to a linear functional on dJlh- 

Assume that h is right invariant. For any ip £ A'^ the mapping a 1— a = (id^ (8 <p)((5(a)) is 
completely positive. Hence, by the Kadison inequality 

{ip * a}*{ip * a} < ip{l){(p * (a*a)} . 

Now, using the right invariance we see that 

(1.2) h{{ip * a)*{ip * a)) < ip{l)^h{a*a) < 00 . 
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for any a € Ol/j. Remembering that any ip A* can be written by a linear combination of four 
positive functionals we conclude that ip * a ^ Ol/j for any a G Vth and ip G A* . Therefore for any 
a, 6 € Ot/i and any ip,^ G A* the products {ip* * a)*b = [ip * a*)b and a*{^p * b) belong to dJlh and 
expressions h{{ip * a*)b) and h{a*{ijj * b)) make sense. We shall use them in our main definition. 

The object which we study in this paper is defined as follows. 

Definition 1.5. Let (A, S) with A separable be a proper C* -bialgebra with the cancellation property. 
We say that (A, 5) is a weighted Hopf C*-algebra if there exist a closed densely defined linear map 
K acting on A (called antipode) and a locally finite strictly faithful lower semicontinuous right 
invariant weight h on A [called Haar weight) such that 

(f ) The operator k admits the following polar decomposition: 

(1.3) K = R°n/2 

where the analytic generator of a one parameter group r — {Tt}^^^ of automorphisms 

of the C* -algebra A (called scaling group) and R is an involutive antiautomorphism of A 
(called unitary antipode) commuting with automorphisms Tt for aZH £ R. 

(2) The weight h is relatively invariant under {Tf}jg^ : there exists a positive scalar A such 
that hoTt = A*/i for allt eR. 

(3) (Strong right invariance) For any ip G A* with ipon g A* we have 

h((ip * a*)b) = h(a* (((pon) * b)) 

for all a, b G 

It should be noted that the scaling constant A is 1 for the most examples of quantum groups 
constructed so far. The first examples with A 7^ 1 appeared in j36[ 137) (cf. [22]). This possibility 
was foreseen for the first time in jl5) . 

It is understood that the group r is pointwise norm continuous: for any a G A, \\Tt(a) — a|| — s- 
when i — > 0. We refer to Appendix IFl for the definition of the analytic generator. Clearly, ~ Ti. 
Performing the holomorphic continuation in the formula Tt(ab) = Tt(a)Tt(b) we see that 'D(Ti/2) 
is a subalgebra in A and Ti/2(ab) — Ti/2(a)Ti/2(b) for any a,b G 'D(Ti/2)- Similarly performing 
the holomorphic continuation in the formula Tt(a*) = Tt(a)* we see that 'T>(Ti/2)* — '^(T-i/2) and 
T-i/2(a*) = Ti/2(a)* for aU a € V(Ti/2). Therefore (Ti/2'D(Ti/2))* = 2^(^/2) and Ti/2(Ti/2(a)*)* = a 
for any a G 'D(Ti/2). Remembering that R is an involutive antiautomorphism of A commuting with 
Tt we conclude that 

K(ab) = K(b)K(a), 
K(K(a)*)* — a 

for any a.b £ 'D(k). In other words the mapping a 1— > K(a)* is a conjugate linear multiplicative 
involution acting on 'D(k). 

Remark 1.6. The polar decomposition 1)1.3(1 is unique. The scaling group and the unitary antipode 
are determined by k. Indeed Ti = and using CoroUarv IF. 41 we obtain the uniqueness of r. In 
particular Ti/2 is unique and the uniqueness of R follows immediately from ()1.3() . 

Remark 1.7. We have to point out that the automorphism Tt was denoted in 19 by Tt/2 and 
called the deformation automorphism. However, in this paper, we call it the scaling automorphism 
following the terminology of 134! . 

Remark 1.8. The strong right invariance is a condition which establishes the connection between 
comultiplication and antipode: it replaces the well known formula 

(1.4) m(id (g) K)5(a) = m(K ® id)(5(a) = e(a)l 

of the usual theory of Hopf algebras. This means the following. If A is a Hopf algebra, then 
the linear mapping W: A®A^A®A defined by a (g) c i— > (5(a) (1 (8) c) (where a, c G A) is 
bijective due to the existence of the explicit inverse V :b® d^ (id^i ® K)(5(b))(l ® d). The proof 
that V = uses (|1.4ll . On the Hilbert space level W should unitary. Therefore we require the 
equality W* = V, i.e. 

(h ® h)((l ® c*)S(a*)(b (g) d)) ^(h(g) h)((a* (g) c*)(id (g K)(S(b))(l (g) d)). 

This is the strong right invariance with 1^9(2;) — h(c*xd). 

Some of our main assertions in this paper are summarized as follows: 
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Theorem 1.9. Let {A,d) be a weighted Hopf C* -algebra. Then 

(1) The unitary antipode R, the scaling group {rtj^^jj and the Haar weight h are uniquely 
determined. 

(2) The coproduct S commute with the unitary antipode and the scaling group : 

S''R = a'>{Ri» R)°S, Sort ^ {n Tt)'>5, teR, 

where a is the flip automorphism on A<Si A. 

(3) There exists a pointwise norm continuous one parameter * -automorphism group {ctj^gg 
of A such that 

h{a,/2{a)cri/2{ay) h{a*a) 
for any a G 2?(o'i/2)- The group {ctjjgjj is the modular automorphism related to the Haar 
weight h. Clearly, the above formula is the K MS- condition for h. 

(4) For any t CzR we have 

Scat = {at ® Tt)o6. 

(5) There exists a strictly positive element p affiliated with the C* -algebra A such that for any 
a G j4+ with h{a) < oo and any if G A*j_ we have 

h{a *(f) = ip{p)h{a), 

where by definition •f>{p) ~ lim y( ). Moreover we have : S{p) ~ p® p, Tt{p) = p and 

i?(p)=p-l. 

(6) The composition = hoR is the left Haar weight on A. The Connes' Radon-Nikodym 
cocycle is of the form 

{Dh^ : Dh)^ = X-''^''^p'\ 
where A is the constant appearing in Definition W.bX Moreover at{p) — A^*p. 

The strong right invariance plays an essential role in our theory. We end this Section with a 
number of equivalent formulations of this condition. By the way we introduce Hilbert space objects 
that will be used throughout of the paper. The most important one is the Kac-Takesaki operator 
W (in other words the right regular representation of the considered quantum group). In this (and 
the next) section the matrix elements of W are defined and their properties are investigated. The 
operator itself will be introduced in Section |3| 

Till the end of this section we shall deal with a proper C*-bialgebra {A, 5) with the cancellation 
property equipped with a faithful locally finite, lower semicontinuous right-invariant weight h and 
with a closed densely defined linear map k satisfying the first two conditions of Definition 11.51 
Therefore our results will be independent of the strong right invariance condition and the strict 
faithfulness of the weight h. 

Using the GNS construction we obtain a Hilbert space H and a representation tt oi A acting 
on H. Since h is faithful, so is tt and we shall identify A with its 7r-image: A C C{T-l). The 
corresponding GNS map will be denoted by 77. It is a densely defined closed linear mapping from 
A into TL with the domain T>{rf) — = {a G A : h{a*a) < 00} such that 

{'ri{c)\aTj{b)) = h{c*ab), a e A, b,cGT){ri), 

The GNS mapping 77 plays a crucial role in the entire paper. It is closed with respect to the strong 
topology on A and the norm topology in H. The separability of A implies that of the Hilbert space 
TC. See Appendices IbI and lO for the details. 

We start with some technicalities which we use throughout this paper. For any x,y £ Ti., Wx,y 
will denote the functional on £{H) such that 

^x,yia) = ix\ay) 

for a G C{H). It is clear that the set of all such functionals is linearly dense in the predual £(7i)* 
of C{H). In general, if A is a C*-algebra acting on H then A is endow with the cr-weak topology 
coming from C{Ti.). In what follows A* will denote the set of all cr- weakly continuous functionals 
on A. It is known that 

A, = {^\a : (fi e C{n%} . 
Consequently we set = A^ Ci A+. 

We already know (see the paragraph containing formula 11.2(1 ') that 
(1.5) ip*aeV{r)) 
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for any a G and any ip Cz A* . 



Proposition 1.10. For any ip E A* , there exists W^p E >C(7i) such that 
(1.6) W^r]{a) = ri{ip * a) 



for any a E 'Dijf). The mapping A* ^ Lp ^-^ W^p E C{l-L) is injective, linear and bounded. Moreover, 



for all Lp, E A* . 

Proof. Formula (|1.6() defines on a dense linear subset of Ti. We have to show that is 
bounded. If ip is positive then using p.2|l we get * a)\\ < ip{l)\\ri{a)\\ and \\W^\\ < ip{l). 

For general ip we have ||W^vj|| < 4||</5||. This is because any continuous linear functional on A is a 
linear combination of four positive functionals with norms not larger than the norm of the original 
functional. 

U = then </? * a = for all a € A. Hence (id (g> ip) [{b® l)5(a)) = b{(p * a) = for all 
a,b E A and using the cancellation property we get (p = 0. It shows that the mapping cp i-^ W^p is 
injective. 

Formula (|1.7|l follows immediately from the associativity of the convolution product. □ 
Proposition 1.11. For every x, y E TL, there exists a unique element W{x,y) E A such that 



for any if E A* . Furthermore, W{x,y) is sesquilinear in {x,y) and \\W{x,y)\\ < 4||x|| || . 

Proof. The uniqueness, the sesquilinearity and the estimate follow from the formula. It is enough 
to prove the existence of operators W{x,y) for a dense set of vectors x, y. We shall use the 
commutant r]' of the GNS map ij (see Appendix 0. For any a E T>{ri), a' E T>{ri') and x E H we 
put : 

W{a'*x,'q{a)) := a * 

Then for any ip E A* we have 

ip{W{a'*x, T]{a))) = ip{a * UJ^^r,'{a')) = {x\{ip* a)T]'{a')) 

= {x\a'ri{(p * a)) — (^a'* x\Wtpri{a)) , 

where the second equality due to the cyclic property of the convolution product. This proves the 
assertion. □ 

Proposition 1.12. The set {W{x,y) : x, y E H} is linearly dense in A. 

Proof. Suppose ip E A* satisfies (f{W{x,y)) ~ for all x, y E H. Then {x\r]{'p> * a)) ~ 
{x\W^'ri{a)) — ip{W{x,r]{a))) — and 93 * a = for all a E V^ri). ThereforeM^ip = and hence 
ip — 0. This proves the assertion. □ 

Theorem 1.13. Let {A,S) be a proper C* -bialgehra with the cancellation property, h be a faithful 
locally finite, lower semicontinuous right invariant weight on A and k be a closed densely defined 
linear map acting on A. Assume that the first two conditions of Definition W.^ are satisfied. Then 
the following statements are equivalent : 

1. The strong right invariance {Condition 3 of Definition \1.6\i . 

2. For all ip E A* such that ipon E A* we have 



3. Formula (|1.9|) holds for all ip from a weakly* dense subset T>q of A* such that ip°Tt E T>q for 
all Ip EVq and t eR. 

4. For any x, y eH, the element W{x,y) is in the domain of k and K{W{x,y)) = W{y,x)* . 



(1.7) 



(1.8) 



^{W{x,y)) = {x\W^y) 



(1.9) 
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Proof. Assume that the strong right invariance holds. Then for any ip (z A* with (poK G A* and 
any a,b ^ T^iv) have 

= h{a*{{(poK) * b)) = {'q{a)\i]{{(poK) * b)) = {T](a)\W^o^f]{b)) , 

where we used the equahty * a* = {ip* * a)* for the second equahty. Remembering that the range 
of rj is dense in 7i, we obtain relation (|1.9|l . It shows that Statement 1 implies Statement 2. 

Clearly Statement 2 implies Statement 3. Assume that Statement 3 holds. Then for any x.y £ Ti 
and any ip e Vq we have 



= iy\W^.x) = ip*{Wiy,x)) = ipiWiy^x)*). 

Inserting (port instead of ip, multiplying the both sides by e~* , integrating over t and remem- 
bering that K commutes with Tt, we obtain 

(^o^) {TZriWix, y)) = ^ {TZAWiy, x)*)) , 

where IZ-r is a linear operator acting on A introduced by the formula 

1 2 

J-oo 

for any a ^ A. It is known (cf. Appendix IF|) that the range of TZr is contained in I?(Tj/2) = 
Therefore {ip°K) (TZr{W{x,y)) — (p (^k (Tlr{W{x,y))) . Remembering that ip runs over a weakly* 
dense subset Dq C A* we obtain 

K{TZr{W{x,y))) ^nr{W{y,xr). 

Theorem IF .71 shows now that W{x,y) e 'D{k) and that K{W{x,y)) — W{y,x)*. This shows that 
Statement 3 implies Statement 4. 

To complete the proof we have to show that Statement 4 implies the strong right invariance. 
Let a,b £ Ol/j. Inserting x — r]{a) and y — ■q{b) in Statement 4, we see that W {■q{a) , rj{b)) S ^{n) 
and K,{W{'q{a),rj{b))) = W{ri{b),r]{a))* . Therefore for any ip € A* with ipon € A* we have 



hi{ip*a*)b) = ir,{ip* *a)\rj{b)) - (r^{b)\W^,rj{a)) = ^* {W{f]{b),7j{a))) 
= ^ {Wivib), via))*) = p> {n{W{v{a),v{b)))) 
= (ipoK) {WMa),v{b))) = {rj{a)\W^o,7j{b)) 
— i''liO')\r]{{ipoK) * b)) — h{a* {{ip°K) * b)). 

2. Matrix elements of Kac-Takesaki operator 



□ 



In this Section we derive the simplest consequences of axioms listed in Definition II. 51 Let (A, S) 
be a weighted Hopf C*-algebra. We shall use the notation and results of the previous Section. In 
particular all four Statements of Theorem 1 1 . 1 31 hold . 

We assumed that the weight h satisfies the relative invariance condition: hoTt — A*/i for i e M. 
Therefore Virj) is {rtj^g^ invariant and there exists a positive self-adjoint operator Q on H with 
ker((3) = {0} such that 

(2.1) Q'^'via) := X-'^^iin{a)), a&V{v). 

In the operator was denoted by H . For any a £ A and 6 G we have 

g2'* 077(6) = Q^'^'viab) - \-'/^v{n{ab)) = A-*/Vt(a)7y(n(6)) = Tt{a)Q^'' ii{b) . 

Therefore 

(2.2) Tt{a) = Q2.t^Q-2»t 
for alH e M and a e A. 

By Lemma IC.5I the strict faithfulness of h implies that the mapping 77(a) 1— s- 77(0*) (where a 
runs over I?(7;) n Virf)*) is a closable conjugate linear involution. We denote by S its closure. Let 
F :— S* . Then there exist an involutive antiunitary J and a strictly positive self-adjoint operator 
A such that S = JAI/2 and F = JA-1/2 by the fact that = 1 on I?(Ai/2). 
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Taking into account (|2.1|l we see that the set {r]{a) : a g ^{1]) n I?(r/)*} is a {Q**}^^^ - invariant 
core of S. Moreover for any x = rj{a) in this set we have 

SQ^^'x = \-'I^Sr^{Tt{a)) = A-*/2r,(rt(a)*) 

and the right hand sides of the above equahties coincide. Therefore Q^^* SQ^^^* = S for any t e R. 
By the uniqueness of the polar decomposition, we have 

(2.3) Q2zt^g-2»t ^ 

Q2ttjQ-2tt ^ J 

The first equation means that A strongly commutes with Q. The second one is equivalent to the 
formula 

(2.4) JQJ = Q-\ 

The operators Q and A play an essential role in all our considerations. 

Lemma 2.1. Let x eV{A^^^) and y e V{A-^^^). Then W{JA-^/^y, JA^^'^x) = W{y, x)* . 

Proof. Since r]{'D{ri) nV{ri)*) is a core for A^/^, it is sufficient to prove the statement for x = 77(0) 
where a G 'Di't]) H 'D{ini)* . For any ip ^ A* , we have 

^(M/(JA-i/2y^ jAi/2a.)) ^ (JA-i/2y|iy^^(a*)) 

= {JA'^/'^y\7^{Lp * a*)) ^ (JA-i/2y| JAi/2^(^* ^ «)) 



= {vi^* *a)\y) = {y\W^>ri{a)) 



□ 

Combining Statement 4 of Theorem 11.131 with Lemma [2. II we get 
(2.5) Hi{W{x, y)) = VF( JA^i/2y, JA^I'^x) 

for aU X e X>(Ai/2) and y e V{A-^/^). 

Proposition 2.2. For any x, y £71, we have 

(1) Tt{W{x, y)) = W{A^^x, A**y) /or t € R. 

(2) i?(W^(a;,y)) = M^(J2;,Ja;). 

Remark 2.3. This proposition shows that the unitary antipode and the scaling group are uniquely 
determined by the Haar weight. So is k. Unfortunately the proof of the uniqueness of the Haar 
weight requires the prior knowledge of the uniqueness of k. See the proof of Theorem 14.11)1 

Proof. Let x £ 2?(A) and y £ I?(A^^). Then using twice 1)2.5(1 . we get 

W{Ax, A-iy) = W^( JA-1/2 JAi/2a;, JA^/'^JA-^/'^y) 
= K{W{JA-^/^y,JA^/^x)) 
= K^{W{x,y))^n{W{x,y)) 

It shows that W{x,y) G 2?(Ti) and 

n{W{x,y)) = W{Ax,A-'y). 

Using now Theorem IF .31 we obtain the first statement. Moreover, for any x G I?(A^/^) and 
y G ©(A-i/^), the element W{x,y) G V{t,/2) and 

n/2{W{x,y)) = W^(Ai/2x, A-i/2y). 

Combining this with |(23Il, we see that R{W{A'^/'^x, A-^^'^y)) = W{ JA-^/'^y, JA'^^'^x) for a; G 
I?(A^/^) and y G I?(A^^/^). Now the continuity of W shows that the second statement holds in 
full generality. □ 

By the above proposition the set {VF(x, y) : x,y £ Ti.} is R and {Tt}f.^^ invariant. By Proposition 
II. 121 this set is linearly dense in A. Using Theorem IF.SI we obtain 

Corollary 2.4. The linear span of the set {W{x,y) : x,y £ Ti.} is a core for k. 
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Proposition 2.5. For any (p ^ A* , we have 

(1) W^oB. = J{W^)*J. 

(2) W^or, ^ A-''W^A'' . 



Proof. Ad 1. For x, y H and ip E A* , we have 

(xlW^oRv) = ipoR(W{x,y)) = ip{W{Jy,Jx)) 

= {Jy\W^Jx) = {JW^Jx\y) , 

where we used Proposition l2.2l for the second equahty. This proves the equahty J{W^)*J — W^pon. 
Ad 2. Similarly, we have 

{x\W^or,y) = ip°Tt{W{x,y)) 

= ip{W{A'*x,A'*y)) = {A'*x\W^A^*y). 

This proves the equality A'^^W^A'* = W^or,. □ 

Proposition 2.6. (1) S^R — a<'{R(E) R)°S, where a is the flip automorphism on A(E) A. 

(2) 6oTt = {Tt®Tt)oS. 

Proof. Ad 1. By Proposition for any ip, ip E A* we have 

= Jiw^yjJiw^yj = w^orW^or. 

By Proposition II. 101 . W^p = implies ip = 0. Therefore {(p * ip)oR — {ipoR) * {'P°R) and hence we 
obtain {(f ® ip)o6oR — {(p iS) ip)°a°{R (X) R)o6 for ip, ip E A* . This proves Assertion 1. 
Ad 2. By Proposition 12. 51 we have 

= A-^*W^^W^^A''* = A-''Wp,^A'' = VK(^,^)o,,. 
We then have {^°Tt) * {ip°Tt) = [ip ^ ip)°Tt and hence we obtain 

{(p (S) tp){{Tt (E) Tt)°6) = ((ipoTt) (g) {'llj°Tt))°6 

— {'P°Tt) * {ljj°Tt) = (kp * 'lp)°Tt = 'Si ^p)°S°Tt 

for all (p, ip E A* . This proves Assertion 2. □ 
Corollary 2.7. Jok = fTo(K k)'>S on 'D{k). 

Proof. By Assertion 2 of Proposition 12.61 a E 'D{Ti/2) if and only if 6{a) E T^ir^j^ ® Ti/2)- Since 
T>(k) = I?(Tj/2) and (8) = 25(7^/2 ® ''"1/2)1 our statement is immediate from Proposition 

□ 

Lemma 2.8. (1) Q2»iyp/^Q-2jt ^ for ip E A* and t E M. 

(2) For any x, yEH, we have Tt{W{x, y)) = W{Q'^'^x, Q'^'^y) for t E M. 

Proof. Ad 1. Let e A* and a E V{ri). Then 

= (id^ (g) iy9oTt)o(5(a) = {'P°Tt) * a 
and applying 77 to the both sides, we get 

Ad 2. For x, y E H and 1^ e A*, we have 

¥>(rt(l¥(a;,y))) = (a;|W^^o,,y) 

= (a;|Q-2**VF^g2"y) = (^(W^(g2"x, Q^^^y)) 
by Assertion 1. This completes the proof. □ 
Proposition 2.9. Let ip, ip E A* . Assume that W* = W^. Then ip = ip*oK. 
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Proof. We have to show that ip{a) = (p*{K{a)) for any a £ By Corollarv l2.4l we may assume 

that a = W{x,y), where x, y GH. Now we compute 



i:iW{x,y)) = {x\W^y) = {W,^x\y) = {y\W^x) ^ ^iW{y,x)) 
^ ip*iW{y,xr) ^ ip*iKiWix,y))). 

□ 

3. Pentagonal equation and manageability 

In this section, we construct the Kac-Takesaki operator W and prove that this operator is a 
multiphcative unitary. We also prove that W is manageable in the sense of |34| . 
We start with a lemma of Dini type. 

Lemma 3.1. Let {a„}„gpj be an increasing sequence of elements in A+. 

(1) If a £ A and for any ip S A*^_, the sequence {■0(fln)}„gN converges to tpio-), then the 
sequence {an}„gN converges in norm to a. 

(2) If for any to G A*^, the sequence {w(a„)}„gpj converges to then the sequence {a„}„gpj 
converges strictly to the unit 1 of M{A). 

Proof. Ad 1. We put A :— {ip £ A*^ : II-0II < l}. Then A is a compact subset of A* with respect to 
the weak* topology. By the assumption, {i^{a) — V'(an)}„eN ^ decreasing sequence converging 
to zero. By the Dini's Theorem this convergence is uniform on A. Therefore we have 

\\a - a„|| = sup lipia) - ij{a„)\ . 
iieA 

as n goes to infinity and the assertion follows. 

Ad 2. Since uj{an) < for all oj £ A*^_, a„ satisfies < an < 1. Let b £ A. Then the sequence 
{6*a„6}„gpj is increasing and for any ip £ A*^_, '4j[b*anb) — {b^/jb*){an) — » ll^V'^*!! — = 
'ip{b*b) when n — + oo. Using Assertion 1 we see that b*anb converges in norm to b*b. Therefore 

11(1 - a,,y/Hf = - a„)b\\ = \\b*anb - b*b\\ ^ 0. 

and 

||(l-a„)6|| < ||(l-a„)i/2||||(l-a„)i/26|| ^0, 
for 11(1 — a„)^/^|| < 1 for all n. It shows that a„b converges to b in norm. 

Similarly, we get a proof that the sequence {fean}„gpj converges to b in norm. This proves the 
strict convergence of the sequence {an}„gN to 1 G AI{A). □ 

The following proposition is a consequence of the right invariance of the Haar weight. 

Proposition 3.2. Let {enlngN be an orthonormal basis of the Hilbert space Ti.. Then for any x, y 
belonging to the range of the GNS-mapping rj, we have 

oo 

(3.1) ^l^(e„,x)*W^(e„,y) = (a;|y)l, 

n=l 

where the series converges with respect to the strict topology on M (A) . 

Proof. Let uj £ A*^_ and {H^^n^jfli^) be the GNS-triple associated with uj. To proceed our 
computation we choose an orthonormal basis {Cn}„gN i^i T^u- Then for any x £ Ti. we have 

oo 

yWien,x)) = \\7TUW{en,x))n^\\^ = Y,\iCkK(W{en,x))n^)\'' 

k=l 

oo oo 

= ^|^fc(PF(e„,a;))p=^|(e„|W^^,a;)p , 

k=l k=l 

where ipk are linear functionals on A introduced by the formula 

(fikia) {CkWLj{a)^luj) 
for all a G yl and fc G N. Summing over n — 1,2, ... ,N and setting N — ^ oo, we obtain 

/ N \ oo oo oo 

J™^'^ E w{en,xrw{en,x) U ^ E = E ii^^.^ii'- 



n=l k=\ k=l 
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Assume now that x = r]{a), where a e T^if])- Then the right hand side of the above relation 
equals to 

oo oo oo 

^W^kxf ^\\r]{Lpk*a)f = ^h{{ipk*a)*{Lpk*a)) 

k=l k=l k=l 

lim h ^^((/J/c * a)*{ipk * a)^ . 



K 

It turns out below (see the last part of the proof) that 



(3.2) 



as K oo. 



K 

^{(fk * a)*{(pk *a)-uj* {a*a) 
fc=i 

Using the lower semicontinuity and the right invariance of /i, we obtain 



lim uj iy^ W{en,x)*W{en,x)] 

N^oo \ ^ — ^ I 



h{uj * (a*a)) 

= ft,(a*a) ~ \\lo\\{x\x). 

This result holds for any w G A*j^. By Assertion 2 of Lemma 13.11 we see that the series 
Yl^=iW{emx)*W{emx) is strictly converging to (x|x)l. To obtain H3.1|l in full generality, we 
apply the polarization argument. 

To end the proof we have to show (|3.2|l . Let -0 £ A*!^, (7i^,, tt^, Vl^) be the GNS-triple associated 
with if) and {^mlmgN be an orthonormal basis in 7i^. Then 

* {a* a)) = (V'(X)cj)((5(a*a)) = ||(7r^(g)7r^)((5(a))(f7^(g)f^^)|p 

OQ 

= \{£,m®<:k\{-r^i,®TTu>){5{a)){^^®^u.))? 

m,k—l 

oo oo 

= X! \iS.m\TTi>i{'^^^ fk){S{a))n^)f ^Y\\n^{(pk * a)n,i,\\'^ 

m,k—l k—1 
oo / ^ \ 

= y^.ipiifk* a)*{Lpk* a)) ^ \iinip\'S^{ipk*a)*{ipk*a)]. 

k=l \k=l / 

Now (|3.2() follows from Assertion 1 of Lemma 13.11 □ 

Proposition 3.3. Let {&n}nevi '^'^ orthonormal basis of the Hilbert space Ti. Then for any x, y 
such that Jx and Jy belong to the range of rj, we have 

oo 

(3.3) ^(^' ^n)W{y, e„)* = {x\y)l 

n=l 

with respect to the strict topology. 

Proof. Replacing in the previous Proposition {e„}„gfj, x and y by {^e„}„gpj, Jy and Jx respec- 
tively, we obtain 

oo 

J2 W{Jen, JyyWiJen, Jx) = {Jy\Jx)l = {x\y)l. 

The unitary antipode R can be extended to the multiplier algebra M(A) and the extension denoted 
by the same symbol is continuous with respect to the strict topology. Remembering that the above 
series is strictly converging, we have 

oo 

^i?(T4^(Je„, Ja.))i?(Ty(Je„, Jy))* = {x\y)\. 

Thus l|3.3|l follows, (cf. Second formula of Proposition □ 

Remark 3.4. In what follows, relations H3.1|l and H3.3|l will be used to prove the unitarity of the 
Kac-Takesaki operator. For this purpose, it is sufficient to know that the series (|3.1|l and H3.3|l 
converge weakly. However to prove H3.3(l by using l|3.1|l we have to use strict topology ; at the 
moment the continuity of i? with respect to the weak operator topology is not established yet. 
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The Kac-Takesaki operator W is introduced by the following theorem. It plays a role of the right 
regular representation for the "quantum group" associated with the weighted Hopf C* -algebra. We 
recall that, for any x, y e 7i, uj^.y denotes the linear functional on C{Ti.) defined by ujx^yia) — 
{x\ay). 

Theorem 3.5. There exists a unique unitary operator W acting onT-L^H. such that 
(3.4) {x® z\W[y®u)) ^ {z\W{x,y)u), 



(3.5) 



{u;^^y®id){W) = W{x,y), 



(3.6) (iA®ip)W = 

for any x,y, z,u €i Ti. and ip £ £(7i)*. On the right hand side of the last relation (p £ A* denotes 
the restriction of ip £ C{Ti.)^ to A. Each of the above equations determines W uniquely. 

Proof. Clearly (|3.4|l and (|3.5|l are equivalent. The computation 

iz\iid ®u;y,,){W)\u) = {z®y\Wiu®x)) = iy\W{z,u)x) = (z|W^„..u) 

shows the equivalence of (|3.4|l and (|3.6I) . The uniqueness of W is obvious. 

Let Dq be the range of the GNS- mapping and Di — JDq. Then Dq and Di are dense linear 
subsets of TC. We choose an orthonormal basis {e„}„gpf in H. For any y £ Dq, x £ Di, z,u £ ATi 
we set 



W{y u) := ^ e„ ® VK(e„, y)i 



and 



W^x «) z) := ^ e„ (g) W{x, Cn)* z. 

n=l 

Using (|3.1(l and (|3.3(l one can easily show that the series on the right hand sides are norm converging 
m-TL ®TL. Clearly the above formulae introduce linear mappings W : Dq ®aig AH ^ H ®T-l and 
: Di i^aig AH H®H. Using H3.1|l and H3.3|l once more, we can show that these mappings 
are isometrics. Extending these mappings by continuity, we obtain isometric operators W and 
defined on the whole H®H. 

To show that W is unitary, it is sufficient to prove that the adjoint W* is an isometry. We claim 
that W* — . Indeed, for any y £ Dq, x £ Di, z,u£ AH, we have 

OO C30 

{x<» z\W{yi»u)) = ^{x<» z\en<»W{en,y)u) = ^{x\en)iz\W{en,y)u) 

n—1 71—1 

= ^ e„(e„|x), y u ^ iz\W{x, y)u) 



and 



{W\x® z)\y®u) 



^(e„ ® W{x, en)*z\y ® u) 

n=l 

OO 

^{en\y){z\W{x,en)u) 

ly I a;, |y) 1 w 1 = {z\W{x,y)u). 



□ 



By the way we proved (|3.4(l . 

We shall use the leg numbering notation (Tl, for example: 

{xi ®X2® xz\Wi3{yi ®y2® ysj) = {xi «) X3\W{yi (g) y3)){x2\y2) 
for Xj, yj £ H for j — 1, 2, 3. We shall also use an exact vector presentation (see Appendix Ib)| 



of the GNS map rj: 



ma) 



neN 
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for any a € 2?(?7), where Qn G for n = 1, 2, . . . , Afln J- Aflm whenever n ^ m and 'D{r]) coincides 
with the set of all a € A such that the above series is convergent. Moreover X^neN is norm 
dense in H, this is because the range of r/ is dense. 

In the following Proposition we collect basic properties of the Kac-Takesaki operator. 

Proposition 3.6. 

(1) The coproduct S is implemented by W : 

(3.7) 6{a) ^W{a(g)l)W* 
for any a G A. 

(2) The pentagonal equation W12W13W23 = W23W12 holds. In other words 

(3.8) {id® S)W = Wi2Wi3 . 

(3) The operator W commutes with the operators Q ® Q and A ® : 

(3.9) W*{Q®Q)W ^Q®Q , 

(3.10) H/*(A(g)g2)VF = A® g2 . 
Proof. 

Ad 1. For any y, z d Ti. and a e 'T>{ri) we have 

{x (E) z\W{r]{a) (g) y)) = (x|(id ® Lu^^y){W)f]{a)) = {x\W^^_^T]{a)) 

= ix\v{^z,y * a)) = ^{x\{uj2^y * a)fi„). 

riGN 

Let pn be the projection onto the closure of Afln. Then p„ g A' and X^rteN^" ~ f ■ Replacing x 
by PnX, we obtain: 

{x (g) z\{pn (g) l)W{'q{a) (g)y)) = { 

= ix\{{id (g) Lj^^y){S{a)))fln) = (x (g) z|(5(a)(17„ g) y)). 

Therefore 

{pn (g l)VF(?7(a) (g y) = (5(a)(0„ g) y). 

It shows that 

(3.11) Wirjia)®y) = Y,S{a){^n®y), 

neti 

where the right hand side converges in norm. 

Now for any a E A, b ^ T^iv) y G H we have 

(5(a)M^(?7(6) ® y) = S{a) ^ (5(6)(r!„ (g y) 

= ^ S{ab){nn g) y) = VF(?7(a6) y) = H^(a g) 1)(?7(6) g) y). 

Therefore d{a)W = VF(a (g 1) and (5(a) = W^(a (g 1)1F*. 
Ad 2. Let ip, ip e C{T-l)^. For any a G £(7^) we set 

p(a) = (v?(g V)(VK(a(g 1)W^*). 

Then p G £(7^)*. Moreover 

(3.12) (idg)p)(W^) = {id®ip®iP){W23Wx2Wi^). 

If a G A, then by the previous assertion p{a) = ((/? (g %li){5{a)) ~ {ip * ip){a). It shows that the 
restriction of p to A coincides with (p * ip. Using the first assertion we have 

(id ® p){W) = W^,^ = W^W^ = {iA®^® i^){Wx2Wi:i). 

Comparing this with H3.12|l . we see that M^23W^i2W^2*3 — W12W1Z and the pentagonal equation 
follows. Taking into account H3.7|l . we obtain 13.8|l . 

Ad 3. Let if G C{n)^, t G M and (/?t(a) y'CQ^^'oQ-^") for any a G C{H). By (E3, ift 
restricted to A coincides with Lp°Tt. Therefore 

(id®^)((i®g''*)VK(i®Q-2rf)) ^ {{d®pt){w) = w^or,. 
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Using now Proposition 12 . 51 and Lemma [2. 81 we obtain: 

W^o^, = A"**PF^A** = (id ® (^)((A-" ® l)iy(A** ® 1)) 

W^or, = g-2"W^^g2" = (id® (^)((Q-2** ® 1)M^(Q"** ® 1)). 
Comparing these with the previous relation, we get 

(1 ® g2**)W^(l ® = (A-" ® 1)M^(A** ® 1) 

= (g-2»* «) i)vi^(g2** (g) 1). 

It shows that A** ® g^** and g^'* ® g^** commute with W and our statement follows. □ 
Combining (|1.9|) with H3.6|) we obtain 

(3.13) (iA®ipoK)W^{id®ip){W*) 
for any (yS S A* such that Lp°K, G 

Let us recall the basic setup of the theory of multiplicative unitaries discussed in |M] . Let 
H be a separable Hilbert space. A unitary operator W acting on 7i ® 7i is called a multiplicative 
unitary if it satisfies the pentagonal equation W23W12 = Wi2Wi3W23. Let J be a conjugate linear 
bijection Ti 3 x ^ Jx € Ti with {Jx\Jy) = {y\x). A multiplicative unitary W is said to be 
manageable if there exist a strictly positive self-adjoint operator Q acting on H. and a unitary 
operator W acting on W (g) H such that 

(1) W*{Q®Q)W = Q®Q, _ 

(2) (a;i ® X2\W{yi (g) 2/2)) = {Jyi «> Qx2\W{Jxi (g) Q^^y2)) for aU xi, yi e H, X2 £ V{Q) and 

y2 e V{Q~^). 

Clearly the definition and the operator Q are independent of the choice of J . 
Proposition 3.7. The Kac-Takesaki operator W is manageable. 

Proof. Let J be the involutive antiunitary introduced in the paragraph preceding Lemma l2. II We 
shall prove that the above two conditions are satisfied by the operator Q introduced in (|2.1I) and 
W = W* . We already know that Q is strictly positive and that Q®Q commutes with W. 

Let x,y € TL. By Proposition |23l W{x,y) G V{k) and K{W{x,y)) = W{y,x)*. Taking into 
account the definition of k and using the second formula of Proposition l2.2l we see that W{x, y) G 
I?(Ti/2) and 

n,2{W{x, y)) = R{W{y, x)*) = W{Jx, Jy)* . 
Let z,u ^ H. Then for any t G M we have: 

(g2^*z|rt(VF(x,y))g2"u) - iz\Q-^''Tt{W{x,y))Q^'*u) 

= iz\W{x,y)u). 

Assume that z G 'D{Q) and u G I?(g^^). Making the holomorphic continuation up to the point 
t = i/2, we obtain 

iQz\W{Jx,Jy)*Q-^u) {z\W{x,y)u). 

Therefore 

{x d) z\W{y d) u)) = {z\W{x, y)u) = {Q-'^u\W{Jx, Jy)Qz) 

(3.14) 

= (Jx (g) Q-'^u\W{Jy (g> Qz)) = {Jy (g> Qz\W*{Jx (g> Q-^u)). 

□ 

Let us recall the properties of manageable multiplicative unitaries obtained in ^ 134) . 

Theorem 3.8. Let TL be a Hilbert space and W he a manageable multiplicative unitary onT-idTi.. 
We set: 

{\ norm closure 
{(fi d id) {W) -.If e c{n),j 

^ C ^ norm closure 

(3.16) \^{id(g)(p){W*) -.(pe C{n),j 

Then 

(1) A and A are C* -algebras acting non degenerately on Ti.. 

(2) The operator W is an element of the multiplier algebra M{Ad A). 
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(3) There exists a unique S G Moi{A,A(E)A) such that {\d(g)6){W) = W12W13. The pair {A, 6) 
is a proper C* -bialgebra with the cancellation property. The comultiplication is given by 
the formula 

(3.17) S{a) ^W{a(E)l)W* 
for all a Cz A. 

(4) There exists a unique closed linear mapping n : A A {A is treated as a Banach space) 
for which the set {(^p ® id)(W^) : ip € £(7i)*} is a core and 

(3.18) K{(ip®id){W)) = {ip®idi){W*) 

for any ip G £(?i)*. Furthermore the set T>{k) is a subalgebra of A and the mapping n : 
T>(k) ~* a is antimultiplicative. Moreover, k{T>(k)) = {a : a* G T>{k)} and ^(^(a)*)* = a 
for a G T>{k). 

(5) The operator k admits the following polar decomposition : 

K = R°Ti/2, 

where Tj/2 is the analytic generator of a one parameter group {^tlj^^ of automorphisms of 
the C* -algebra A and R is an involutive antiautomorphism of A commuting with Tt for all 
t G M. In particular, T>{k) = T>{Ti/2)- this case R and {rtj^g^ are uniquely determined. 

(6) We have 

SoTt ^ {Tt®Tt)°6 for < G K; 6°R = a°{R® R)°5. 

(7) R is normal, i.e. continuous with respect to the a-weak topology on A. 

(8) Let W and Q be the operators in the definition of manageability for W . Then they satisfy 
Tt{a) = Q^'^aQ-'^^* fort£R and W^^^ = W* , where 6^ = Jb*J. 

We shall apply this theorem to the Kac-Takesaki operator W introduced in Theorem 13.51 We 
know that the set {ujx.y '■ x,y G Ti.} is linearly dense in £{1-1)*. Inserting in (|3.15() ip = LUx,y and 
using 1)3. 5(1 we obtain 



(3.19) A=[wix,y):x,yen} 



closed linear envelope 



Now Proposition II . 1 21 shows that the algebra (|3.15l) coincides with the original algebra A that we 
started with. Comparing H3.17|l with (|3.7() . we see that new 5 coincides with the original one. 
Inserting in ((3.18|l p — tOx.y for x,y £ Ti., we obtain 

KiW{x, y)) = ,i{{cjx,y id)(VK)) = (w,,j, ® id)(W^*) 

= {ujy^x®id)iW)* ^W{y,x)*. 

Comparing now Statement 4 of Theorem 11.131 and Corollary 12.41 with Assertion 4 of the above 
theorem, we see that new k coincides with the old one (they have the same core on which they 
act in the same way). By the uniqueness of the polar decomposition, we see that the new R and 
T coincide with the old ones. 

Now we are ready to construct the dual weighted Hopf C* -algebra {A,S) associated with our 
weighted Hopf C* -algebra {A, S). Let T, G C{H H) he the flip map : T,{x y) = y x ioi all 
X, y GH. According to the general theory the operator 

(3.20) l? = SVF*S 

is a manageable multiplicative unitary. We shall apply Theorem 13.81 to W. Clearly, replacing W 
by W, we interchange the roles of A and A. The comultiplication 5 G Mot{A, A^ A) related to W 
satisfies the relation (id (g) d)W = W12W13 and is given by the formula 6{b) — W{b ^ 1)W* where 
b runs over A. Using ((3. 20(1 . we obtain 

(3.21) (S® id)W* = 14^131^2*3 
and 

d{b) = j:W*{l(g)b)W^. 

By Theorem l3.8l {A, 6) is a proper C*-bialgebra with the cancellation property. It will be proved 
in Section [3 that {A,S) is a weighted Hopf C*-algebra. We say that {A,S) is the dual of {A,S). 
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Assertion 4 of Theorem 13 . 81 Drovide us with the closed Hnear mapping k acting on A such that 
the set {(id (g) ip){W*) : (p G £(7i)*} is core for k and 

K((id (g> ip)iW*)) ^ (id (g) (p)iW). 
Clearly, k is the antipode related to {A, 6). By Assertion 5, 

K = R°Ti/2, 

where {Ttj^gg is a one parameter group of automorphisms of A and R is an involutive antiauto- 
morphism of A which commutes with % for t G M. Clearly, {Tfj^gg and R are the scaling group 
and the unitary antipode related to (A, 6) . 

According to Statement 3 of Proposition 1.4 of "31", W is manageable. Inspecting the proof of 

this statement, we see that the operators Q and W entering the definition of the manageability 
are given by the formulae 

Q = Q, (SM?*S)^®^. 
We know (cf. the proof of Proposition 13.7(1 that W — W* . Therefore 

W = (ST4^S)^®^ = ( J ® J)STy*S(J (g J). 
Using now Assertion 8 of Theorem 13. 81 we obtain 

(3.22) f,(6) = Q2'^^Q^2^^ 

for any t eM. and b E A and 

g?T®i? ^ ( J ^ J)SVFS( J g) J). 
Applying the flip and *-conjugation to both sides, we obtain 

^flCST = (J ^ J)W*{J (g) J) = W^^®^. 

Therefore 

(3.23) ^,R°T<»id ^ y^^ 

Let (A, 5) be a C*-bialgebra. In concrete cases one of the difficult task is to show that a given 
weight /i on A is right invariant and that the strong right invariance holds. To this end we shall 
use the following 

Theorem 3.9. Let {A^5) he a proper C -bialgebra with the cancellation property, n be a closed 
operator acting on the Banach space A admitting the polar decomposition 

K. ^ R°Ti/2. 

where Ti/2 is the analytic generator of a one parameter group {rij^g^ of automorphisms of the 
C* -algebra A and R is an involutive antiautomorphism of A commuting with Tt for all t eM. and 
let h be a strictly faithful locally finite lower semicontinuous weight on A such that hoTt = X^h for 
some fixed A > and for all t G M. We shall use the GNS triple (7i, tt, ry) related to h and identify 
A with Tr{A) c C{H). 

Assume that a unitary element W E Af (/C(7i) (g A) satisfies the following two conditions: 

1. For any a E 'D{vi) and any (p E A* we have: 

LP * a E 'D(ri) and \ 

(3.24) \ 

ri{ip * a) — {id ^ (p)Wri {a), J 

2. For any ip> E A* such that ip°K E A* we have: 

(3.25) {id® ipoK)W ^ {id® ip){W*). 

Then {A,d) is a weighted Hopf -algebra and h,R,T and W coincide with the right Haar weight, 
the unitary antipode, the scaling group and the Kac-Takesaki operator related to {A,S). 

Proof. We have to show that h is right invariant and that the strong right invariance holds. We 
shall follow the proof of Assertion 1 of Proposition 13. 61 Let 
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be an exact vector presentation of the GNS map ?/. Then 

/i(5) = ^(17„|6r!„) 

for any b E A+. Take x,y,z E H and a E 'D{ri). Then, by 13.24|l . we have 

(a; ® z\W\ri{a) ®y) ^ ® uJz,y)W\ri{a)) = [x\'q((id ® ujz^y)5{a))) 

( 'x o^^^ 

= ^{x\{i<l®uj:,,y)5{a)\nn)^^{x®z\5{a)\nn®y). 

nSN nGN 

Therefore 

(3.27) W^(77(a)®y) = ^(5(a)(r!„®2;). 

Computing the norm of the both sides, we obtain: 

ojy^y{l)h{a*a) = \\yfh{a*a) = ^ ||(5(a)(f]„ (g) ^ (a, «) y|<5(a*a)|r2„ (g) y) 

= ^ (ri„|cjy^j, * (a*a)|f7„) = h{ijjy^y * (a* a)). 

In this way we proved that 'ijj{l)h{a*a) = h{'4> * for aU ■0 of the form LUy_y {y E TL) i.e. for aU 

■0 G ^*+. We have to show that this formula holds for all i) E A*^. 

Let Pn be the projection onto the closure of Ai7„. Then p„ E A' and X^neN^*" ~ ^- Replacing 
in H3.26|l . X by p„x, we obtain: 

{x(^ z\{pn®'^)W\r]{a)®y) = (a: (g z|(5(a)|f^„ (g) y) . 

Therefore 

® id) [(Pn 1)W^] = (^x.n„ <g id)(5(a) e A. 
Let 71"' be a representation of A acting on a Hilbert space Ti! . Then 

[i-^xMa) ® '^') [(P" 1)^] = (^a;,n„ (g 7r')(5(a) 
and for any z' ^y' E TC we have 

(a; (g z'\{pn (g l)(id (g 7r')W^|?7(a) (g y') = (a; (g z'|(id (g 7r')(5(a)|f7„ (g y') . 
This way we showed that 

{pn ® l)(id g) 7r')Ty (77(a) «) y') = (id (g 7r')(5(a)(17„ ® y') 
and summing over n we obtain 

(id g) T:')W{T]{a) ® y') = ^(id ® 7r')(5(a)(f}„ (g y') 

with the norm convergent sum on the right hand side. This relation holds for any a E 'D['q). 
Computing the square of the norm of both sides, we obtain: 

(3.28) (r?(a) h(a)) {y'\y') = ^ (fi„ (g y' | (id ® 7r')<5(a*a) |r!„ ® y') . 

n 

For any 6 G A we set: 

(3.29) m^{y'W{b)y'). 
Then formula (|3.28|l takes the form 

/i(a*a)0(l) = ^(f7„|(id(g V)5(a*a) I f^„) = h{il} * {a* a)) . 

n 

To end the proof of the right invariance we notice that any positive functional i/; on A is of the 
form by the GNS construction. 



We pass to the strong right invariance. It follows immediately from Theorem ll.131 fEauivalence 
of Statements 1 and 2). Therefore {A, 5) is a weighted Hopf C*-algebra. Formula (|3.27|) is identical 
with H3.11|l . It shows that W is the Kac-Takesaki operator related to [A^ 5). □ 

The reader should notice that Assumption (|3.24|) was used only with of the form ojz.y where 
z,y E H. On the other hand the set of pairs (</3, a) E A* x 'D{'q) satisfying (|3.24|) is closed with 
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respect to the norm topology on A* and the graph topology on 'D{ri). This observation leads to 
the following 

Remark 3.10. It is sufficient to verify condition ()3.24f) for all (p in a norm dense subset of A, and 
for all a in a core of rj. 

Taking into account the equivalence of Statements 2 and 3 of Theorem II .131 . we obtain 

Remark 3.11. It is sufficient to verify condition H3.25|l for all ip from a weakly* dense r-invariant 
subset of A* . 

4. Modular Structure for Haar Weight 

In what follows W always denotes the Kac-Takesaki operator for {A, S) , and A^ denotes the set 
of all CT-weakly continuous functionals on A. In this section, we investigate the Connes' Radon- 
Nikodym cocycle of the left invariant Haar weight :— hoR with respect to the right invariant 
Haar weight h. For this purpose, we have to work on the von Neumann algebra M = A" which 
is the weak closure of the C*-algebra A acting on the GNS Hilbert space H. By H2.2|l and (|3.7(l . 
the scaling automorphisms Tt and the comultiplication S are weakly continuous with respect to the 
weak operator topology, so they admit weakly continuous extensions to M. Clearly 

Sia) = Wia ® 1)W*, nia) = Q^'^aQ-^'* 

for any element a e M . By Theorem l3.8l the unitary antipode R is normal (i.e. weakly continuous), 
so it admits a weakly continuous extension to an involutive antiautomorphism acting on M. If 
necessary, we shall use the notations (5*^, i?*^ and for them. The involutivity of the unitary 
antipode and the commutativity of the unitary antipode and the scaling group follow immediately. 

The scaling group r^^ = {'''t ^}t^^ is no longer (pointwise) norm continuous so the theory 
presented in Appendix ^ can not be applied. Nevertheless one may speak about the analytic 
generator of this group in the weak sense: an element a G M belongs to the domain of r^y^ ^-i^d 
b = T^^2 i^) if ^'^d only if for any x,y G Ti there exists a continuous function F^^y defined on the strip 
{z G C : < 3z < 1/2} holomorphic on the interior of this strip, such that Fx^y{t) = (^x\t^ {a)y) 
for alH e K and Fx^y{i/2) = {x\by). The antipode k*^ on M is defined by 

M r>M 

In a sense t^^^2 is a- closure of Ti/2- If a G ^('''272) ^^'^ ^ — '''j/2('^) then there exists a net {oej^^Q of 
elements of 2?(Tj/2) converging to a such that Ti/2{ae) b when e — > (both convergence in the 
sense of cr-weak topology). Indeed = f e~^^ ^^Tt{a) dt does the job. In the same sense k*^ 
is the closure of k. 

Let T] be the GNS-map associated with the right invariant weight h on the C* -algebra A. By 
the theory presented in Appendix^ the double commutant rj" is an extension of f] and ^'(t]) is a 
core for rj" . It is a GNS-map defined on the von Neumann algebra M. 

Using H2.1|l one can easily show that Ty^q") is t^^ - invariant and 

(4.1) Q2**^"(a) = \-'/\"{r^\a)) 
for aU a e V{r]"). 

Proposition 4.1. Let a € T){r]") D 2?(r/);{,) and T]"{a) e V{Q-^). Then r^f^ia) e X>(r/") and 

(4.2) ry"(r*^,(a)) =AV4g-i^"(a). 

Proof. Let b G 'D{r]') and x £ H. Applying b to the both sides of l|4.1|l and using (|B.3p . we obtain: 

bQ'^W'{a) = X-'^\''{aW{b) 

and 

(^|5Q2V(a))=A-*/2 (xlrt'iaWib)) 
for any t S M. Remembering that a £ '^{'''i/2) ^"(o) ^ 2?((5~^), we see that both sides of 
the above formula admit continuations to continuous functions on the strip {t G C : < SJi < 1/2} 
holomorphic on the interior of this strip. Inserting t = i/2 we obtain 

{x\bQ-W'{a)) = A-*/^ {x\r,%{aW{b)) 
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and bQ-^r]"{a) = \-''^^T^^f2{a)r]'{b). Therefore (cf. |R3^ ) r^%{a) e V{r]") and (g^ follows. □ 

Let t/(6) ~ Q^'*6(5~^'* for 6 S A'. Since the scaling group {rfj^gg on A is implemented by 
{'''tItgR is a one parameter group of automorphisms of A'. Let b £ 'Div')- Then for any 
a G T^ifj) we have 

r,'(6)7?(a) = X'/^Q^HrjiT.tia)) = A*/2g2^V_t(a)r/(6) = A*/2aQ2»t^,(^)^ 
Hence r^ib) £ V{r]') and 

(4.3) v'irm = A*/2q2'*^'(6). 

Proposition 4.2. T/ie sef {c e V{ri') : ■q'{c) £ V{Q-'^) n V{Q)] is a core for ?/. 
Proof. For c G A' we put 

7^,(c) = ^ / e-*'/^T,'(c)dt. 

Let c e Vlrj'). The mapping t i— > ''"/(c) is strongly continuous and the mapping 1 1— > if {t[{c)) = 
X^/^Q^^^rj' {c) is norm continuous. Since rj' is closed, we find that TZeic) G T^iv') ^^id 

1 / A*/2e-*'/^Q2^t^^^/(^) ^g-e(logQ-.nogA/4)^ 



Using this formula one can easily verify that rj' {TZe{c)) £ T>{Q ^) n Clearly rj'{Tl^{c)) 

converges in norm to nii' {c) as £ tends to 0. One can also easily verify that TZ^{c) converges strongly 
to c. Therefore the set {c £ V{r]') : r]'{c) £ V{Q-^) n V{Q)} is a core for 77'. □ 

One can easily verify that the right hand sides of make sense for a £ M and ^p,^lJ £ A^,. In 
other words the convolution products ip^ a and a * ■0 (with ip,ip £ A^,) defined originally for a £ A 
admit strongly continuous extension to a G M. 

Using and remembering that ^{ri) is a core for 77", we see that ip * a £ Virj") and 
(4.4) W^T^"{a)=ri"{^*a). 
for any a £ ^{ri") and tp £ A^,. 

In what follows, we denote by the same letter h the natural extension of the right Haar weight 
to M . By definition h is the semifinite normal weight on M related to the GNS map r]" via formula 
(|C.8|I . By the strict faithfulness of the Haar weight, h is faithful. Remembering that R is normal 
we conclude that := h°R is also a faithful semifinite normal weight on M . This is the left Haar 
weight. Let {crtltgR and {erf j^gj^ be the modular automorphism groups of M associated with h 
and h^. 

Lemma 4.3. The following four formulae hold on the von Neumann algebra M . 

(1) RoatoR = a^^ for t £ R. 

(2) Soat = (cr* «) Tt)°(5 for t £ R. 

(3) Soa^ = (t_, erf )o5 for s e R. 

(4) at''a^ = erf o(Tt for t,s £R. 

Proof. 

Ad 1. Follows immediately from Proposition ID. 81 
Ad 2. Using H3.10|l we compute: 

S{at{a)) = AdvF°AdA««.Q2,t(a (g) 1) 
= AdA«(g)Q2it°Adn/(a (g) 1) 
= {<Jt <8) Tt)o5(a). 

Ad 3. We know (cf. (|2.3ll ) that Q and A strongly commute. Therefore scaling automorphisms 
Tt commute with modular automorphisms a^- Furthermore Tt commute with R. Using Assertion 
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1 we see that Tt commute with a^. The rest is a matter of computation. Denoting by a the flip 
automorphism acting on A (g) A and using twice the first formula of Proposition 12.61 we obtain 

= ao{R ig) R)oSoa_-toR 

= cro((i?ocr_t) (g) {RoT^t))oSoR 

= ao{{R°a^t°R) ® {R°T-t°R))°<^°5 

Ad 4. We already know that the scaling automorphisms commute with the modular automor- 
phisms. Therefore (T_t ® )o(cts ® Tg) — {as (gi Ts)°{T^t (X" erf) and 

S°(j^°as = (r_i (g) (j^)o6°<Ts = (T_t (g) (J^)°{(Js ® Ts)°5 

Now, using the injcctivity of the comultiplication wc obtain erf °fTs = (Ts°a^. □ 

Corollary 4.4. If h is a trace then k coincides with the unitary antipode R. 

Proof. Let < e M. If /i is a trace then at — id and by Statement 2, id(8)T( coincides with the identity 
on S{A). It follows that id g) Tt coincides with the identity on {A (g) 1)5{A). By the cancellation 
property the latter set is linearly dense in Aig A. Hence Tt — id for all i S M. Formula shows 
now that k — R. □ 

We now consider the relative modular operator determined by h and = h°R. Let h' be the 
weight on M' associated with the commutant 77' of the GNS-mapping ry (see Appendices lUl and IbI 
and let Aroi denote the spatial derivative dh^/dh' in the sense of Connes |3] (see Appendix ID|) . 
Then Aroi is a strictly positive self-adjoint operator with a core {?/'(«) : a G T>{r]"), h^{aa*) < 00}, 
such that 



h^{aa*) = 



2 



Aj/iV(a) if rj"ia)eViA 



l/2^ 

rcl ^' 



+00 otherwise 
for any a E 'D{rj"). It is known that the modular automorphism group a^ is implemented by Aroi: 

a,^(a) = Af,iaA-f 

for any a S M and t G R. Moreover the Connes' Radon-Nikodym cocyclc {Dh^ : Dh)t is expressed 
by the formula 

(4.5) {Dh^ : Dh)t = Aj.*iA-'* £ M. 

Proposition 4.5. There exist a strictly positive self-adjoint operator 7 affiliated with the center 
of the von Neumann algebra Ad and a strictly positive self-adjoint operator p affiliated with the von 
Neumann algebra M such that 

(4.6) [Dh^ : Dh)t = 7'*'/2p'* 

for all t G M. Operators p and 7 are uniquely determined by the above formula. They satisfy the 
following commutation relations: 

(4.7) A'VA-** = 7V, A**7A-** = 7, 



(4.8) Q'VQ"'* = P, Q'*7Q-'* - 7- 

for all t G R. 



Proof. For any i, s G M, we set 

„^ — Ait Ais \-it \- 

ol • 



(4.9) 7(i, s) := A" Aj^iA^" A7*" 



Clearly Ad^(t_s)|^j = ata^a-ta^g. By Assertion 4 of Lemma [4.31 the latter automorphism coin- 
cides with the identity on M. Therefore 7(t, s) commutes with all elements of M: ^{t, s) G M' . 
On the other hand one can easily verify that 

7(^, s) = AdA«(AreiA-'^) {KlA^'^y = ot {{Dh'^ ■■ Dh)s) {Dh^^ : Dh);. 
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Therefore ^{t, s) € M . This way we showed that the unitary 7(t, s) belongs to the center of M . It is 
known that central elements are invariant under the action of modular automorphisms. Therefore 
7(t, s) commutes with A** and AJ:^j. 

Rewriting now 1)4. 9|l in the form 7(t, s)Aj,*[ = A'*A',*[A~'* one can easily show that ^{t, s + s') = 
7(i, s)7(t, s') for aU t, s, s' G K. Similarly using the formula A~'*7(t, s) = AJ.^jA~**Aj':^|'' one can 
easily show that 7(t + t' , s) — j{t, s)j{t' , s) for all t, t' , s G K. 

By the above results j{t, s) is of the form 

7(i,s)=7-*, 

where 7 is a strictly positive self-adjoint operator affiliated with the center of M. Clearly 7 strongly 
commutes with A and Aroi. Therefore the second formula of (|4.7() holds. 

Let t, s e K. Then g^jl shows that A-**Aj.^i = ^-^ts ^ts^^^^tt ^ Therefore 

— Ait A — it — Ais A— is _ — it^/2 — its— is^ /2 A it+is a — it— is 

' rcl ' rcl ' rcl 

^ — i(t+s)V2 Ai(*+«) A-i(t+s) 
' rcl 

It shows that | J-^t^ ^^t^^^-^t I jg one parameter group of unitaries. By (|4.5|l these unitaries 

belong to M. Therefore there exists a strictly positive self-adjoint operator p affiliated with the 
von Neumann algebra M such that 

= 7-**'/2^j.^iA~'* 
for all t E R. Clearly l|4.6|l is equivalent to the above formula. 

Inserting ^ instead of t and taking the n-th power of the both sides we get 

pit ^ ^rfV2n |^A'*("A~**/"j" . 

Letting n — > 00 we obtain 

(4.10) / = s-lim f Af/" A-^*/") " . 

n— >oo \ / 

This formula shows the uniqueness of p (and 7). 

To prove (|4.8|) we notice that Tt scales h and by the same factor A* (this is because 
and R commute). Therefore the Connes' Radon-Nikodym cocycle (|4.5|l is tj invariant. Using the 
uniqueness of p and 7 we obtain: Tt{p) = p, Tt{^) = 7 and (|4.8|) follows. 

By Aj*, = ry^tV2p^t^^t^ Therefore for any t,seM. we have: 

y(t+s)V2^i(f+s)^i(f+s) ^ ^ieilpit^it^is^llpis^is ^ 

By simple computation this formula reduces to 

(4.11) y*«p*^A** = A**p*^ 

Therefore (7V)'* = A'*p'^A~'* and the first formula of 14.7|l follows. □ 

Formulae l|4.7|) and l|4.8|l show that 

(4.12) at(p)=7*p, 'Tt(7)=7, 

(4.13) Tt{p)=p, Tti-f)=-f. 
for all t e R. 

Proposition 4.6. The operators p and 7 satisfy i?(p**) = p^** and i?(7'*) = 7** /or i G K. /n 
other words R{p) = p^^ and i?(7) = 7. 



Proof. Inserting /ii = /i in Assertion 2 of Proposition ID .81 we obtain 

{Dh^ : Dh)t = i? ((D/i^ : Dh)^t) = i? (7**'/^"'*) = i?(7)'*'/^-R(p)"'*. 
Using the uniqueness of p and 7 we get: R{p) — p^^ and i?(7) =7. □ 
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Formula (|4.11|) shows that one parameter groups {p**}(gjjj {^**}teK ^^'^ {'^**}teK generate a 
unitary representation of the Heisenberg group. Using the formula A**[ = 7** /2p**A** we see that 
{A**[}jg^ is an another one parameter group appearing in this representation. Its infinitesimal 
generator log Aici = log A + log p. Then (|4.1()(l is the Trotter product formula corresponding to 
the relation log p = log Arei — log A. (cf. (25j). 

Inserting s = t in H4.11|l we obtain 7**^p**A'* — A'^p'*. Combining (|4.6(l with 14.5|l we get 

(4.14) Aj.^1 = 7'*V2p»t A'* = ry-^tV2^,tpU 
for i e M. Now we put t := — i/2 to obtain 

(4.15) aI{^ = j-'/»pi/2oA^/^ = 7*/8Ai/2opi/2 . 

In particular 2?(p^/^oA^/^) C I?(AJ^j'^). In these formulae X denotes the closure of an oper- 
ator X and XoY denotes the composition of operators X and Y. By definition 'D{X°Y) = 
{x G V{Y) : Yx G V{X)}. 

The following result plays an important role in the paper. 

Proposition 4.7. 

1. If M and 5{a) = 1 ® a then a G CI. 

2. IfaeM and S{a) = a (g) 1 then a G CI. 

3. MnA' = CI. 

Proof. 

Ad 1. By Proposition 12. 61 S commutes with the scaling group. Therefore the set 

{a G M : S{a) = 1 ® a} 

is T invariant and we may assume that a is an entire analytical element for t. Using Statement 2 of 
Lemma r4.3l we have: S{(Tt{a)) = {at ® Tt)(l (g) a) = 1 (8) rt(a). It shows that a is an entire analytical 
element for the modular automorphism group. Hence (see Theorem ID.7II . for any b G 2?('7) we 
have ba G 'D{rj"). Therefore for any x G H we have 

00 00 
W{r]"{ba) (g) x) = ^S{ba){nn (g a:) = ^(5(5)(17„ (g) ax) 

n—1 n—1 

= Wirjib) (g) ax). 

Hence rj" {ba) (g a; = 77(6) (g ax and for any c G 'D{rj') we have: 

barj' {c) (E) X = crj" {ba) ® x — cri{b) (g) ax — b-q' {c) (g ax. 

It shows that a (g 1 = 1 (g a and a must be a scalar multiples of the identity. 

Ad 2. Using the first Statement of Proposition 12 . 61 we have: 

5{R"{a)) = (7o(i?*^ ® R^'')S{a) = ^0(7?*^ ® R^^^a (g, 1) = 1 (g, R^'{a). 

Therefore, by Statement 1, i?*^(a) G CI and finally a G CI. 

Ad 3. We know that W & M{A® A). Formula llX7|l shows that (5(a) = a (g 1 for any a G Mr\A' 
and Statement 3 follows immediately from Statement 2. □ 

Let LS ('LS' stays for left shifts) be the set of all automorphisms a of the von Neumann algebra 
M such that 

(4.16) 5°a = {a® id)°5. 

We shall use the u-topology (cf. [221 Section 2.23]) on the set of automorphisms of M . By definition 
a net an is it-convergent to aoo if for any G , the net of functionals Lp°an converges in norm 
to </?°aoo- One can easily verify that LS endowed with the w-topology is a topological group. In 
particular ^ if 

Let t G K. Combining Statement 2 of Proposition 12 .61 with Statement 2 of Lemma [4.31 one can 
easily verify that 5°at°T-t = {<^t°T~t ® iA)°5. It shows that 

(4.17) atoT^t e LS 

It is easy to see that the mapping M 3 i 1-^ o't°T-t is w-continuous. 
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Proposition 4.8. Let a £ A. Then a{a) G A for any a G LS . Moreover the mapping 

LS 3 a I — > a{a) G A 
is norm continuous {we use u-topology on LS). 

Proof. It is sufficient to prove this statement for a running over a linearly dense subset of A. Let 
a G LS. Using 1)^1 8|1 and (|4.16(l . one can easily verify that 

(4.18) (id (g) 6) ((id (g) a){W)W*) = ((id a){W)W*) ® 1. 
Indeed 

(id ® 5) ((id ® a){W)W*) = (id ® Soa)W{id ® 6)W* = (id (g) a (g) id)(id g) S)W{id g) (5)1^* 

= ((idg)ag)id)Tyi2M^i3) (1^121^13)* = {{id(g) a){W)W*)^^ 

and H4.18|l follows. Using now Statement 2 of Proposition l4.7l we conclude that (id g) Q!)(iy)Ty* is 
of the form v where v G C{Ti). Hence 

{iA®a){W) = {v®l)W. 

Clearly v is unitary. Passing from Ti ® Ti to Ti ® Ti ® Ti obtain: 

(id g) a «) 'vi){Wi2) = (w g) 1 g) l)IFi2, 

(id g) id g) a)(T^i3) = (u g) 1 g) l)IFi3. 
Ehminating (w (g 1 (g 1) we get: 

(id (g a (g a) (1^1*2^^13) = ^^1*2^^13 

and finally 

(4.19) (id g) id g) a) (14^1*2^13) = (id g) a'^ g) id) (1^121^13) ■ 

Let x,y G H and /i G Af*. Applying ujx,y g) //* ® id to the both sides of H4.19|l we obtain: 

a {W{W^x,y)) - W (W^o^-ix.y) . 

The reader should notice that the right hand side of the above formula belongs to A and depends 
continuously on a. This way our statement is proved for all a of the form a = W{Wfj_x,y). To 
end the proof we recall that A act on 7i in a nondegenerate way. Therefore the set of vectors 
{Wfj.x : ^ G £(7i)*, X G H} is dense in Ti.. Proposition II . 1 21 shows now that the set 

{W{W^.x,y) : ^l e C{H).;x,y en} 
is linearly dense in A. □ 

We shall use Proposition 14. 81 with a replaced by H4.17|l . It shows that (Jt°T~t acts within A and 
that for any a G A, at°T^t{o-) depends on t G R in a norm continuous way. Combining this result 
with the known properties of the scaling group, we obtain 

Proposition 4.9. The modular automorphism group {ctjjg^ ''/-^^ associated with the Haar weight 
h may be restricted to A. Lt defines the pointwise norm continuous one parameter group of auto- 
morphisms of A. 

In this way we have shown Assertion 3 of Theorem ll.9l Restricting the second formula of Lemma 
14.31 to A, we obtain Assertion 4 of Theorem ll.9l 

The end of this Section is devoted to the proof of the uniqueness of the antipode and the Haar 
weight. 

Theorem 4.10. Let {A, 6) be a weighted Hopf C* -algebra with the Haar weight h and antipode 
K. Assume that we have another antipode ki with corresponding Haar weight hi satisfying all the 
requirements of Definition \1.3\ Then ki — k and hi = /i/i for some positive scalar /i. 

Proof. Let (Tii, tti, 771) be the GNS triple related to hi. Then we have another Kac-Takesaki 
operator Wi G C{'Hi g) Hi) that gives rise to {A, 6). By a Theorem in we may assume that 
TLi =TL and tti = tt. Combining the formula (id ig) 5){Wi) = (^1)12(^1)13 with ()3.7|l we obtain: 
W^23(W^i)i2W^2*3 = (W^i) 12(1^1) 13- It means that Wi is adapted to W in the sense of [211 Defini- 
tion 1.3]. Statement 4 of Theorem 1.6 of the same reference shows now that ki C k. Interchanging 
the roles of W and Wi we obtain the converse inclusion. Therefore 

(4.20) Ki = K. 
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We shall use the relative conjugate linear Tomita-Takesaki operators S = F* . By definition the 
set {77(a) : a G ^{rf) fl 2?(r?i)*} is a core for S and 

(4.21) 5ry(a) =r,i(a*) 

for any a G 'D{rj) n V^rji)* . For any a E 'D{ri) n I?(r/i)* and tp E A* we have * a G 2?(77) and 
93 * a* G Vlrji). Therefore for any z E 'D{F) we have 

(^(W^i(z, 771 («*))) = (z|(M^i)^77i(a*)) = (z|77i(¥'*«*)) 

= (z|5r;(^* * a)) = (Fz|iy^.r;(a)) 

= ^*(M^(Fz, 77(a))) v{W{Fz,ij(a)Y). 

Hence we have Wi(z, 77i(a*)) = VF(Fz, 77(a))*. Remembering that {77(a) : a E 'D{ri) n I?(?7i)*} is a 
core for S, we conclude that Wi{z, Sx) — W{Fz, x)* for any x E T>{S). Setting y — Fz we get 

(4.22) WiiF-^y,Sx) ^Wiy,xy. 

This formula holds for any x E 2? (5) and 77 G 'D{F~^). 

Let S = be the polar decomposition of S. Then F = A^/^J^^ For any x E T>{A) and 

77 G V{A-^), we have 5*3; G V{F) and p-^y E v(S-^). Using (ji:^ and and Proposition 

10 we get 

K\W{x,y)) = At(W^(y,x)*) = K{Wi{F-^y,Sx)) - ki(W^i(^^-1j7, 5a;)) 

= W^i(5x,F-iy)* PF(F5a;,5-iF-i77) = PF(Ax, A-^y). 

Remembering that — t.; and using Theorem II'. 31 . we obtain 

Tt{W{x,y))^W{^''x,A''y). 

for all t eM.. On the other hand, Tt{W{x,y)) = VK(A**a;, A**y) by Proposition Therefore 
VF(A"x, A^y) = W^(A**a;, A**7/) and A~"A'* commutes with Pl/^ for aU (p E A* . Hence it belongs 
to the commutant of A. On the other hand the Radon-Nikodym cocycle {Dhi : Dh)-t = A^**A** G 
M. Therefore by Proposition 14.71 it must be a scalar multiple of the identity and there exists a 
positive scalar /i such that A** — 7x**A** for all t G M. Hence A = //A. In particular ^{S) = 
I?(Ai/2) ^2?(Ai/2). 

The reader should notice that ^{r])* is a right ideal and I'(?7i) is a left ideal in A. Therefore 
'D{T])*'D{r]i) C X'(?7)*n2?(77i). Using the norm density of ^(ry)* one can easily show that I?(r7)*I?(77i) 
is a core for 771. So is X»(77)* n I?(?7i). Let a E V{r))* n X'(77i). Then (cf. g^B) via*) G T^iS) = 
V{A-^/^) and using Theorem ID . 51 we see that a E ^{r]). Moreover 

(4.23) 771(a) = JAi/2?7(a*) = JA^^^f]{a*) = ^JjT]{a). 

Remembering that ^{r])* n ^{rii) is a core for ryi we see that ^{rji) C 'D{rf) and that the above 
formula holds for all a E V^rji). Interchanging the roles of 77 and 771 we obtain the converse inclusion. 
Hence 'D{r]i) = 'D{rj). Formula H4.23|) shows now that hi{a*a) — iih{a*a) for any a E A. □ 

5. Modular Structure for the Dual 

We now go into the discussion on the density theorem. Combining (|2.4(l and H4.8(l . we know 
that Jp~^J and Q are strongly commuting strictly positive self-adjoint operators. Therefore the 
operator 

(5.1) A := Jp-^JoQ^ 

is also strictly positive and self-adjoint. This section is devoted to the proof of the following 
theorem. It contains the inverse of the square root of (|5.1|l . 

Theorem 5.1. Let 

(5.2) Va = {bE V{ri") n V{n^') : n^' [b)* E V{ri")} . 
Then the set {77" (6) : b E Vq} is a core for A^^^^ and 

(5.3) iiA-i/V(fc)ii - Wi^^'mw 

for any element b E Vq- 
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We shall use the notation introduced in the previous section. 

1 /2 

Lemma 5.2. Let a be an element in 'D{ri"). If r]"{a) G 'D{A^^j ), then R{a) G 'D{'>l") o.i^d 

(5.4) h"(i?(a))|| = ||A,YiV'(«)l|. 

Proof. If a is an element in X'(V) satisfying 77" (a) G V{AI[^), then h{R{a)*R{a)) = h^{aa*) = 
l|A'/iV(a)||' < 00. Hence we obtain R{a) G V{ri") and ||7?"(i?(a))|| = \\A]'Jri" {a)\\. □ 

Lemma 5.3. Let a he an element in V{'q") with ■q"{a) G V{A^/'^). If^'ia) G V{Jp^/'^J), then 
R{a)* G V{ri") and 

(5.5) h"(i?(a)*)|l = |lV/Vry"(a)|!. 

Proof Since 77" (a) G ^(Ai/^), we have a* G ^(Ty") (cf. Theorem ID^ and 

77"(a*) = JAi/2^"(a) = A-^/^ jr;"(a); 

hence, ?7"(a*) G P(Ai/2) and Ai/2?7"(a*) = Jr]"{a). Assume that ry"(a) G V{Jp^/^J). Then 
Jr7"(a) e X>(/9^/^) and r]"{a*) G X>(pi/2^i/2) ^ X>(Aj/f). Now we apply Lemma O with a 
replaced by a* to obtain R{a)* = R{a*) G 'Dijj") and 

||,7"(i?(a)*)|| = ||r/'(i?(a*))|| = ||A,i/V(a*)|l 

□ 

Next we have an improved version of the above statement, which plays the fundamental role in 
the subsequent argument. 

Proposition 5.4. Let a he an element in 'D{r]"). If rj" [a) G V{Jp^^^J), then R{a)* G 'D{ri") and 

(5.6) h"(i?(a)*)|| = ||V/Vr7"(a)||. 

Proof. For any h G V^q"), b*a G V{ri") and r]"{b*a) G I?(Ai/2). Moreover due to the assumption 
r]"{a) G V{Jp^/'^J) and the operator inclusion Jp^/'^Jb* D h*Jp^/'^J, we have r]"{b*a) = b*r]"{a) G 
V{Jp^/^J). Therefore the element b*a satisfies the conditions of the previous Lemma and hence 
we have R{b)R{a)* = R{b*a)* G Vi-q") and ||r7"(i?(6*a)*)|| = \\Jp^/^Jb*r]"{a)\\. Therefore we have 

y\R{b)R{ar)\\ ^ ||6*V/Vr/'(a)|| < ||6|| \\Jp'^'Jv'\a)\\. 

Now we shall use an exact vector presentation (see Definition IB. 61 and Theorem IB.7p : 

via) = ^ afln 

of the GNS mapping 77. Then rj"{R{b*a)*) — X^neN ^(^)^('^*)^"' ^'^ '^'-'^ natural k and any 
b G ^(Ty") with < 1 we have 

k 

Y,\\R{b)R{'^*)^nf<\\Jp"^Jv"{a)f. 

n=l 

The set {b G A" : 6 G T>{rj"), \\b\\ < 1} is weakly dense in the unit ball of the von Neumann algebra 
A" . It follows that for any natural k, 

k 

Y,\\R{a*)n„r<\\Jp^/^Ji'{a)r. 

71=1 

and the series X^neN ll-^C*^*)^™!!^ convergent. Remembering that our vector presentation is exact 
we see that R{a*) G T>{ri"). Now by taking elements b in the unit ball of T>{t]"), we obtain 

\W\R{am - sup \\R{bW\R{a*))\\ 

\\b\\<l 

= sup ||rV/V77"(a)|| = II V/V7/"(a)|| 

llMI<i 

□ 
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Let 

(5.7) Vi^iae V{ri") n 



and Q'Wia) e V[Jp^/^J) j ' 
Proposition 5.5. Vi C Vq and 

(5.8) y\K^^{aY)\\^\\Jp^^^JQ-W{a)\\ for a e Pi. 

Proof. Suppose that a G Vi. We know (cf. Proposition 14.1(1 that T^J^{a) £ 'D{ri") and 
7?"(r/J,(,(a)) = A'/''(5"i7?"(a). By our assumption, Q-^ri"(a) G V{J p^/'^ J). Applying Proposi- 
tion 15.41 to tlie element T^l^{a) instead of a, we see that K*^(a)* ~ R{T^J^{a))* E Viji"). In this 
case equality (|5.6fl converts into (|5.8|l . □ 

Up to this point, it is not clear whether the sets I?o and Vi are not trivial. To show that they 
are large enough, we have to tame unbounded operators that appear in our theory. In order to 
tame p and 7, for any e > we introduce two elements in A" as follows: 

r, :=exp{-£((logp)2 + i(log7)2)}, 

(5.9) 

ri := cxp {-e {{log pf - i(logp)(log7))} . 

Notice that < Pe < 1 and P^ is bounded. Moreover, Pg and P^ converges strongly to 1 as e tends 
to 0. 

Lemma 5.6. Let a he an element in 'D{j]"). Then aP^ G 'D{ri") and rj"{aT^) — JT'^Jrj" {a). 

Proof. Using 1)4. 7|l . we can easily check that 

a^{r,) = A'*P,A-** = exp |-e (^{logj'pf + \{\ogjf^ | . 

The right hand side admits the holomorphic continuation for t running over all C. It means that 
Pe e 15(17^^2) and setting in the above formula t = i/2 we obtain 

a,/2(Pe) =exp|-£ niogp+llog7') + i (log 7)2] 1 = (p^ 



Now our statement follows immediately from Theorem ID.7I □ 

In order to tame the effects coming from the unboundedness of logQ, for any e > and any 
a G M we set 

(5.10) 7^e(a) = / (aPe)A-*/2e-*Verfi. 



Remark 5.7. By (|4.8|) . p and 7 are {Ttjjgjj invariant. So is Pe. Therefore Pg G T>{Ti/2) and 
7"j/2(re) = Pe- Applying R to the both sides, we conclude that P^ G ^(k*^) and K^(Pe) = R{T^) = 
Pg. The latter equality follows from Proposition 14.61 Since 'D{k^^) is a subalgebra and that k*^ 
is antimultipHcative, we see that aP^ G 'D{k'^^) and K*^(aPe)* = K*^(a)*Pe for any a G I?(k*^). 
Using this result together with the closcdness of k*^, one can easily show that Tl^{a) G I?(k*^) and 

(5.11) Tl,{K^Har) = n^\Tl,{a)r 
for any a G V{n^'^). 

Lemma 5.8. 

1. For any a G M , TZ^{a) converges strongly to a when e — > 0. 

2. Let a G V{r]") and s > 0. Then 'Re{a) G X>i and 

(5.12) ?7"(7^e(a)) = exp{-£(logQ)2} JT'^Jii'{a). 
Ln particular 77" (T?.^ (a)) converges in norm to ?/'(a) w/ien e — > 0. 

3. The set T>i is a core for rj" . 
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Proof. Ad 1 . One can easily verify that 



en 



is a (5-like sequence when e ^ 0. More precisely: Se{t) > for alH e K and e > 0, J^6e{t)dt ~ 1 
and for any neighborhood O of in M, Jg-^Q 5^{t)dt — > when e — > 0. Therefore for any continuous 
bounded function (/? on R we have 



(5.13) 

Let X e 7i. Then 

\\Tle{a)x - axil = 

< 



lim / ip{t)Se{t)dt = (p{0). 



(rf(a)r. 



Se{t)dt 



tI'^o) [VeX-x) \\8,{t)dt + 



M 



{a)x — axil Ss(t)dt 



< \\a\\ \\T,x-x\\ 



T^'\a)x — ax 1 1 6e{t)dt 



The first term on the right hand side converges to as e goes to 0. Inserting in (|5.13|) . if{t) = 
||T*^(a)x — ax|| we see that also the second term converges to 0. It shows that 'lZe{a)x converges 
in norm to ax. 

Ad 2. Assume that a e 'D{rj"). We already know by Lemma l5.()l that aF^ e 'D{ri") and 
7?"(ar,) = JT'^Jri"{a). By EIJ, r^^CaF^) G V{r^") and ri"{T^\aT,)) = X'/^Q'^^' JT'^Jri" {a). 
Therefore 



1 



""(rf (aF,))A-*/2e-* /^di - 



1 



Q^''e-'"/'jr'^jTj"{a)dt 



Remembering that 77" is closed, we conclude that 

1 



(5.14) 



7^e(a) 



f{aT,)X-'^^e-'/'dteV{r,") 



and ?7"(7^^(a)) = e-''^^°sQf JT'^Jtj" (a). Due to the dumping factor e-^('°s'3)' JF^ J, the vector 
7y"(7^e(a)) belongs to V{Q~^) and the vectors 'q"[H^{a)) and Q'^r]" (Heia)) belong to V{Jp^/'^J). 



One can easily verify that TZeio) is an entire analytic element for the scaling group. Therefore 
7^e(a) G X'(t/)^) = V{k^'). It means that 7^£(a) e Vi. 

Ad 3. Follows immediately from the first two assertions. □ 

Now we recall a fact concerning a core for positive self-adjoint operators 

Lemma 5.9. Let H be a strictly positive self-adjoint operator on TL. Let K he a hounded operator 
such that KH is dense in H, KU C V{H), HK G C{H) and HKx = KHx for x G V{H). Then, 
for any dense linear suhset D ofTL, KD is a core for H. 

Proof. It suffices to show that the set {H + 1)K'D is dense in H. Suppose that y is orthogonal 
to the above set. Then {y\{H + l)Kx) = holds for any vector x in V. Since HK G C{'H) , it 
holds for X in H. Therefore iy\K{H + l)x) = {y\{H + l)Kx) = holds for any x G V{H). Since 
{H + 1)'D{H) = H and K has a dense range, it follows that y = 0. □ 

Now we shall use the operator A introduced by (|5.1() . Clearly, A^^^'^ = Jp^/'^J°Q~^. 
Proposition 5.10. The set {ri"{b) : b G is a core for 

Proof At first we notice that {77" (fe) : b e Vi} C ^(A-i/^) by We use the previous lemma 

with H = A-1/2 = JpV2joQ-i, K = JT[Je-^'^°sQf and T> = {rj"{a) : a G I?(7?")}- It is clear 
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that K is bounded and the range is dense in 7i. Let x G 'D(H). There exists a sequence {x„}^^^ 
in Di^J p^/^ J°Q~^) such that a;„ — > a; and Hxn — > Hx in norm. For Xn we see that 

Since iira;„ Kx and HKxn = KHxn KHx, the closedness of H imphes that Kx E 'D{H) 
and HKx — KHx. Hence KTi. is contained in the domain of H and the operator HK is bounded 
on 7Y. Thus above lemma tells us that KV is a core for A~^/^. On the other hand, according to 
Lemma [5.81 fwith e = 1), KV is contained in the set {r]"{h) : b G Vi} and assertion follows. □ 

We are now ready to prove the main theorem of this section. 
Proof of Theorem \3.1\ First we prove that 

(5.15) W'ib):beVo}(lV{A-^^^) 

Let b E Vq. Then, Lemma [5.81 shows that TZe{b) E Pi for any £ > 0. Inserting a — TZe{b) — TZe>{b) 
in H5.8(l and using (|5.11(l . we get 

(5.16) ||A-l/2^"(7^,(6)) - A-V2^"(7^e'(fe))|| = ||,/'(7^,(«;^■^ (&))*) - ^"{n,,{K'^{b)r)i 

for any e, e' > 0. According to Assertion 2 of Lemma 15.81 rf'{TZe{b)) and rj" {TZein^'^ (b)*)) 
converge in norm to ri"{b) and ij" {k^'^ (b)*) respectively as e tends to 0. By the Cauchy crite- 
rion, A~^/^7y"(7?.e(6)) has a norm limit when e tends to 0. Since A^^/^ is closed, we see that 
r?"(6) e V{A-^/^) and follows. 

The rest is easy. Remembering that Vi C I?o (cf. Proposition 15. 5|) and using Proposition 15. 101 
we see that the set {r]"{b) : b E Vq} is a core for A~^/^. Let b E Vq- Replacing a in H5.8|) by TZ^ib) 
and setting e — > 0, we obtain the norm equality H5.3|l . 

□ 

Now, we shall consider the conjugate linear operator 

(5.17) J: A-i/2^"(fe) ^ 77"(k*^(6)*), 

where b runs over I?o- By Theorem 15.11 J is a densely defined isometry. By the same letter we 
denote its continuous extension on the whole Ti.. Let 

(5.18) F ^ JA^i/^ 
Then 

(5.19) Ff]"{b)^r^"{K^'^(by) 

for all b E "Dq. Moreover the set {'i]"{b) : b E I?o} is a core for F, because it is a core for A- 1/2. In 
other words, F is the closure of the mapping 

where b runs over TJq. 

The mapping b i— > k^^ (b)* is an involution acting on Dq. Therefore F is also an involution. 
Clearly (|5.18|) is the polar decomposition of F. Now the relation F^^ — F implies that 

(5.20) P = l and JAJ = A"^ 
It means that the operator J is an antiunitary involution. 
Theorem 5.11. We have: 

(5.21) R{a) = Ja*J, 

(5.22) { J ® J)W{ J (g) J) = W*, 



(5.23) JAJ = A. 

The first formula holds for all a E A. 
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Proof. Ad H5.21|l . Let a E 'D{n) and h E Vq. Using H5.2|) . one can easily check that ab G Pq- 
Therefore arj" ib) — rj" {ab) G I?(A^^/^) and replacing b in H5.17|l by a6, we get 

JA^^'^ai'ib) = JA-i/2V'(a6) = ry"(K*^(afe)*) 

= 77''('«(a)*'*^'^(&)*) = K(a)* JA-i/2,^"(5). 

Since {77" (6) : b G I?o} is a core for A^^/^, we see that 
(5.24) jK(a)VA-i/2 c A-^/^a. 

On the other hand, using 1)2. 2|l . one can show that Ti/2{a)Q^^ C Q^^a. For a; G 'D{J p^^^ JQ^^) 
we see that 

n/2{a)Jp^/^JQ-^x = Jp^/'^jTi/2{a)Q-'^x = Jp^''^JQ-^ax = ^-^/'^ax. 
Hence ri/2(a)^~^/^ C A^^/^a. Comparing this inclusion with (|5.24() . we obtain 

Jn{a)*J = Ti/2{a). 

Replacing a by K~^{a), we get 

Ja* J = R{a) 

for all a in the range of n. To end the proof we notice that the range of k, equal to is dense 

in A. 

Ad (|5.22|) . Remembering that i?(M^(a;,y)) = Jy, Ja;) (cf. Assertion 2 of Proposition II. 
and _R(a) = J a* J, we compute 



Ja; ® Jz 



W{Jy ® Ju)^ = {jz 



Jz 



W{Jx, Jy)Juj 
RiW{y,x))Ju^ = {jz JW{y,x)*u^ = {u\W{y,x)z) 



= {y®u\W{x®z)) = {jx(^Jz {J ig) J)W* (yS) u)'^ 

Thus we have W{J ® J) = ( J J)W* . 

Ad (E2SI)- By (piHjl it follows immediately from ^1^. □ 

Remark 5.12. By definitions (|5.1() and (|5.17() . we see that Q'* commute with A and J for all 

t G M. It implies that Q and A strongly commute and 

(5.25) JQJ=Q^\ 

In Section 3 we used the transpose mapping acting on C{Ti.). It was defined in the following 
way : 

= Jm* J 

for any m G C{Ti). Formula H5.23|l shows that this transpose maps A onto itself. Remembering 
that T is an involution, we have VF^^®"^ = W . Comparing this formula with (|3.23|) . we see that 
R — T. More explicitly 

(5.26) R{b) = Jb*J 
for all 6 G A. 

Proposition 5.13. Let rj^ be a linear mapping from A toTL with the domain Vlrj^) = R{'D{f])*) — 
{a E A : R{a*) G I'(?7)} defined by the formula 

(5.27) 7jL{a) ^ MRia.*))- 

Then rjL is a closed GNS-mapping and the weight corresponding to rjL coincides with = h°R. 

Proof Let a G X>(?7l) and b e A. Then R{a*) G V{r]) and R{{ba)*) = R{b*)R{a*) G V{t]). 
Therefore ba G 'D{ri]^) and using (I5.21|) in the last step, we obtain 

r]L{ba) = Jr]{R{b*)R{a*)) = JR{b*)JJr]{R{a*)) = brjLia). 

It shows that rjL is a GNS-mapping. The closedness of rjL follows from that of rj. To show the last 
statement we notice that 

{hoR){a*a) < 00 ^ h{R{a)R{a*)) < 00 R{a*) G V{r/) ^ a G P(r/L)- 
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Moreover, in this case 

{hoR){a*a) = MR{a))\f = \\MR{a*))\f = \\vL{a)f. 

□ 

Let 

(5.28) ?7(a) = ^®ar!fc, 

fc 

where a G 'D{r]), be a vector presentation of the GNS map rj (see Definition IB . 41 and Theorem IB. 7|) . 
Then for any a G 'D{r]i^) we have: 

r]L{a) = Jri{R{a)*) = jY^R{a)*^k = jY^J^J^k = ^^aJTJfc. 

Clearly 

(5.29) 77i(a) =^®aJf7fc, 

k 

is a vector presentation of the GNS map ry^- If H5.28|l is exact, so is (|5.29ll . 
Proposition 5.14. For any a E 'D{ri") we have 

(5.30) (a e Viril)) ^ {q" [a) € V{Jp''^J)) . 
If this is the case, then 

(5.31) rj'lia) = X-'^^Jp^^^J^" (a). 
Furthermore 'D{ri") H V^ri'l) is a core for rj' and rj'l. 

Proof. We know that R is normal. Passing to the weak closures in H5.27|l . we obtain ^{rfl) — 
{a e M : R{a)* E V{r]")} and 

Using Proposition we see that 

/ , \ / a e V(ri'; ) and \ 

^ ^ \ma)\\^\\Jp'/'Jv"{a)\\. J 

Therefore there exists a linear isometry V such that 

(5.32) r]Ua) = VJp^^^jTj"{a) 

for any a G ^(r/") such that r]"{a) G V{ Jp^/^J). We have to show that V = X'^^^l. 

Let b G Vi (cf. (EH)). Then t,/2(6) G V{t]") and v"in/2{b)) = \'/^Q-^r^" [h) G V{Jp^/'^J). 
Replacing a in H5.32(l by Ti/2{b) and using H5.1(l . we obtain 

(5.33) vlir^Mb)) = X^'^V J p''^ JQ-'j^" {h) = X^'^vA-^'^ii" ib). 
On the other hand 

ri'L{T./2{h)) = Jr/'((i?or,/2(6))*) = Jr7"(«:^'^(6)*). 
We know that J is an involution. Combining the above formula with 15.17|) . we get ?7^(Ti/2(^)) — 
A-i/2^"(5). Therefore from I^T^ we have T/A^i/2ry"(6) = X-''^'^-^/^r^" [b). 

By Proposition QUI the set {r]"(6) ; h G Pi} is a core for A~i/2. Hence ^A-^/'^-q" {h) : & G I^ij 
is dense in V" X-^/^l and (jOT|) follows. 

Assume now that a G V^rj"). By Lemma [5.61 we see that aV^ G 'D{ri") and 

r/'(ar,) = Jr;jr;"(a) G V{Jp^/^J). 
Using the part of the proposition proved so far, we obtain aP^ G Vlri'l) and 

r/l{ar,) = X-'/\jp^/^JJT'^Jr]"{a). 
If moreover a G X'(t?2), then i?(a)* G V{r]") and 

ry^(aPe) = j77"(i?(aP,)*) = Jr7"(i?(a)*r,) 

= JJT'^Jr]"{R{a)*) = JJT'JJr]'[{a). 
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It shows that 

JJT'^JJrilia) = X'''^Jp^'^JJT'^Jri"{a). 

When e ^ 0, then JF^ Jry"(a) -> 77" (a) and JJT'^JJr]'lia) r;^(a). Since Jp^/'^J is closed, we see 
that 77" (a) G V{Jp^/'^J). The proof of lf5l!n|l is complete. 

By Lemma the set Vi is a core for 77". According to definition (|5.7(l . 77" (a) S 'D[J p^/'^ J) for 
any a S Pi. Using lfO]|l . we see that Pi C V{r]'[). Therefore Vi C X'(77") n V{-q'[) and hence 
T>{'ri") n T>{ri'l) is a core for 77". By the symmetry it is also a core for 77^. □ 

With the vector presentations H5.28|l and (|5.29(l . formula (|5.31|l takes the form: 

k k 

We shall need the following extended version of this formula 

Proposition 5.15. Let Hi be a Hilbert space, c G M ^{'Hi) a'^rf U € 'Hi- Assume that the 
vector presentation H5.28|l is exact, the series ^® c{ flk y) is norm convergent and that 

(5.34) YTc{nk(E>y) eV{Jp^/^J (g>l). 

k 

Then 

(5.35) Yfc{jnk 'E)y) = X'"''^ (jp^'^J ® l) ci^k ® y), 

k k 

where the series on the left hand side is norm convergent. 

Proof. We choose an orthonormal basis {e^lg^j^ 2 inTii. Then there exists a sequence {cs}^^-^ 2 
of elements of M such that 

m 

(5.36) c{x (81 77) = ^ CgX (8) Cs 

s 

for all X €z Ti.. Inserting x — and summing over k we get a norm converging double series 

^®c(rifc y) = ( "Y^^Cs^k es I . 

k s \ k I 

In particular for all s the series ^® Cg^k are norm convergent. Therefore (cf. Definition IB.6|I 
Cs e X'(77") and 

^ c(r2fc (g) y) = ^ rfics) ® Cs. 

k s 

Assumption (|5.34|l shows now that ri"{cs) G 'D{J p^^^ J) and Cg G 'D{ri'[) for all s. Now we have: 
(A-'/Vpi/V 1) ^®c(f]fc ® 77) = ^® A-^/Vpi/V77"(c.) ® e. = 5]®77i:(c,) ^ e, 

A: s s 

— ^® ^ — ^® , 

7 ^ Jrjfc = c(Jf2fc (g) 77), 

s fe A; 

where in the last step we used (|5.36ll . □ 

We end this section with the following interesting 
Theorem 5.16. The correspondence 

{a®l)5{h) I — > 5{a){h®l), 
where a,b €1 A, extends to a closed linear mapping acting on Ai^ A. 

Proof. The statement follows immediately from the formula 

(5.37) (x® z\{a®l)d{b)\W{y®u)) = (wix® JQ-^u) S{a){b®l) y®JQz^ , 

that holds for all a,b £ A, x,y G H, z E P(Q) and u G T>{Q~^) (the reader should notice that 
each of the vectors x (g) z, W{y u), W{x (g) JQ^^u) and y JQz run over a linearly dense subset 
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To prove (|5.37|) we start with the formula H3.14|l proving the manageabihty of the Kac-Takesaki 
operator. The right hand side may be rewritten in the foUowing way: 

{x(g) z\W{y(g)u)) = {jy(g)Qz\W*{Jx(g)Q-'^u)) 

= ({J ®J){y®JQz) w*{Jx®Q-^u)^ 

= (^( J (g) J)W* {Jx ig) Q^^u) y ig) JQz^j 
= {w{J ® J){Jx ® Q-^u) y (g) JQz^ 

= (x® JQ-^u W*{y ® JQz)^ , 

where in the fourth step we used (|5.22(l . Replacing in the above formula a; by a*x and y by by we 
obtain 



{xg z\{a'Sil)W{b'S)l)\y<Siu) = (^xg) JQ 
and (|07jl follows (cf. (ETJ). 



{a(E)l)W*{b(E)l) 



y (g) JQz 



□ 



6. A GNS-Mapping on A 

One of the aim of this paper is to show that {A, S) is a weighted Hopf C*-algebra. To this 
end we have to introduce a right invariant weight h on A. It will be related to a GNS-mapping 
fj : A ^ Ti. However the definition of fj is not simple. We start with the following technical result, 
in which the commutant rj' of the GNS mapping rj is used. 

Proposition 6.1. Let z E 'D{F). Then for any a, b £ 'D{rj') and x, y G H we have : 
(6.1) {z (g) y\W{a*x g) r^'ib))) = (b*y -q' (a) W*{Fz x) 



Proof. We may assume that z = ri"{c) for some c e I?o- Then Fz — r/" {k'^'^ (c)*) by Proposition 
14.31 Furthermore, we may assume that x, y e and ri'{a), rf{b) £ 'D{Q^^). For any d £ A 

we set 

ifiid) = ix\dr^'{a)), ip2{d) = {Q-'r^' {a)\R{d)Qx) 
Md) = {y\dv'{b)), Md) = {Q-'v'ib)\R{d)Qy). 

Then (^oi, (^2, -01, V'2 e A* , (^2 = ip2 = ■>Pt°K and hence by lO W*^ = W^^ and W^^ = W^^. 

With this notation, the left hand side of Ijti.lll 

LHS = {r^"{c)\W^,a*x) = {W^,7^" {c)\a* x) = {f]"{ij;2 * c)\a*x) 



= {ari"{i^2 * c)\x) = ((V'2 * c)r]'{a)\x) ^ (pi{tp2 * c) 
= {(pi*ip2){c), 

where (pi * ^2 G A^,. Replacing in the above computation x, y, a, b, c by y, x, 6, a, k^'^(c)* 
respectively, we see that ipi * (p2 G A^ and the complex conjugate of the right hand side of 1)6. l|l 
equals {ipi * ((?2)(k*^(c)*). For the proof of (|6.1|l it remains to show that 

Since 

we have — (V'l * ^2)*°'^ by Proposition 12.91 Hence {ipi * (P2)*°k^^\a — ('/'i * ^2)*°^ is 

CT- weakly continuous. It shows that 

(^1 * iP2){K^Hcy) = (0i*^2)*(«*^(c)) = (W^TV^^yw^ 



= (V'l * <^2)*°k(c) = (ipi * 1p2){c) 

and (|6.1|l follows. 

Relation 1)6. l|l may be rewritten in the following way : 



□ 



It shows that 



{y\W{z,a*xW{b)) = (b*y\w:^^^,^^Fz) 



W{z,a*x)ri'{b) = bW*^ ,/(a)^^- 
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This relation holds for all b G 'D{ri'). Therefore 

W{z,a*x) (:,V{7]") and if {W{z,a*x)) = W*^ ^,^^ Fz. 
Remembering that W{z, a*x) G A and ri"\A — ?y, we obtain 

Proposition 6.2. Let z G V{F), a G V{r]') and xeH. Then W{z,a*x) G V{r]) and 

r,{W{z,a*x)) = W:^^^,^^Fz. 

It should be remarked that the vectors on the right hand side form a dense subset of H. Indeed, 
the range of F is dense in TC, the set of operators W* , is dense in A and A is a non degenerate 
C*-algebra acting on Ti. 

Let $ be the set : 

$ = {(x, 2/) G W X W : W{x, v) G V{i^)} . 

By Proposition 16.21 and the above remark, $ is dense in 7i x 7i and {rj{W{x,y)) : {x,y) G $} is 
dense in H. Therefore the relation 

(6.2) {y\ax) ^ {r]{W{x,y))\z) for all (a;,y)G$. 

gives a one to one correspondence between elements a G A and vectors 2 G 7i. This correspondence 
will be denoted by fj : we write 

2 = 77(a), 

if the relation H6.2|l holds. Clearly ^ is a linear mapping from AtoTi. and the domain ^{rj) consists 
of all elements a £ A such that there exists z £ H satisfying (|6.2(l . 

Let tf E A* . We say that (p is L^-bounded if there exists z^p G H such that 

(p(a) = izp\v{aj) 

for all a G 2?(7/). 

Proposition 6.3. Let (p E A* be an L^ -bounded functional. Then ip is a-weakly continuous. 

Proof. At first we notice that for any b G 'D{i]) the functional 695 is cr-weakly continuous. Indeed 
for any a G A, a6 G 'D{ri) and 

(M(a) = f{a,b) = (z^|7/(a6)) = {zp\ari{b)). 

The set of cr-weakly continuous functionals is norm closed. Inserting b — Ca (where {ca} is an 
approximate identity for A) and using Appendix^ we see that p is cr-weakly continuous. □ 

Remark that the set of all L^-bounded functionals is norm dense in A^, (cf. the proof of Assertion 
1 of Proposition 16. 5|l . 

Theorem 6.4. (1) The domain 'D{rf) is dense in A and the range off} is dense in Ti.. 

(2) The set T>{fi) is a left ideal in A and fj{ba) — bfj{a) for all b E A and a G 'D{fj)- 

(3) The mapping fj of A to Ti is injective and closed with respect to the strong topology on A 
and the norm topology on Ti.. 

(4) Let ip be an L'^ -bounded functional on A. Then W* G 2?(^) and fj{W*) — z^. 

Proof. 

Ad 4. Using Proposition l6.3l we see that ip E A^, and hence G A. For any (x, G $ we have 

{y\W;x) = {x\W,^v)^^{W{x,v)) 

= {z^\il{W{x,y))) ^ {7^{W{x,y))\zp). 
It shows that G ^{f]) and ?7(W*) = z<^. 
Ad 1. Now, let y G c G T){r]') and 

(6.3) ip{b) = {y\bf]'{c)) for b e A. 

Then ip e A.^. and for any b G T>{vi), ip{b) = {c*y\r]{b)). By Assertion 4, W* G V{f]) and f]{W*) = 
c*y. The set of functionals ip of the form (|6.3|l is linearly dense in A^,. Therefore T>{f]) is dense in 
A. Moreover, the set of vectors of the form c*y (where c G f (77') and y G Ti) is dense in H. So is 
the range of fj. 
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Ad 2. Let (x, y) G ^ and (p G A^,. Then for any ip G A* we have 

ij{ip*W{x,y)) = {ilj*ip){W{x,y)) = {x\W,p^^y) 

It shows that ip*W{x,y) = W{x,W^y). Since W{x,y) £ 'D{ri), we see that W{x,W^y) e Vl-q). 
Hence (a;, W^py) € $. We also have 

ri{W{x,Wpy)) = Wpil{W{x,y)). 

Let a e T^{t])- Then for any e $ we have (?7(M^(a;, j/))|?7(a)) ~ {y\ax). Replacing {x,y) by 

(x, W^y) we obtain 

(W^^?7(W^(a^,2/))l^(a)) = (W^^y|«a;). 

Therefore (7/(W^(x, y))|W^*57(a)) = (ylW^^ax). It shows that Vr*a G X>(?7) and = 1^^57(0). 

Remembering that [W^ : ip G A.^.] = {{id® if){W*) : ip G L{H)*} is dense in A (cf. (jSHSI)), we 
obtain Assertion 2 in full generality. 

Ad 3. It follows immediately from H6.2|l . □ 

In this way we have shown that 77 : A — )■ 7i is a closed, densely defined GNS-mapping. In what 
follows 7]' : A' ^ H will denote the commutant of rj. 

If 1^ e A* is L^-bounded, then according to Assertion 4, W* G 'D{rj) and ip{b) = {v{W*)\ri{b)) 
for any b G 'D{rj). Remembering that Lp is cr- weakly continuous (the same letter will denote its 
cr- weakly continuous extension to A") and that 77" is the extension of rj with I? (77) being a core for 
77" (cf. Theorem IB.2II . we obtain 

(6.4) ^{b) = (m;)W'{h)) 

for any b G 'D{ri"). Let 

(6.5) Af) = jVF* : ip, ip*oK G A* and ip, ip*°K are L^-bounded} 
and 

(6.6) Ai = {W*:ip, ip*°K G A* and (p is i^.bounded} . 

Proposition 6.5. (1) Aq is a norm dense linear subset of A. 

(2) Aq is a *-subalgebra of C{H). 

(3) Aq C ^'(77) and rj{Ao) is dense in Ti.. 

(4) Ifae Aq, then rj{a) G V{F*) and F*rj{a) = f]{a*). 

Proof. Clearly Aq C Ai. Assume that (p, ip are i^-bounded functionals in A* such that ip*oK, 
ip*oK G A*. Then using p.7|) and 11.91) we obtain 

Let p = Ip * {p*ok). Using Proposition 12.91 we see that p*oK — ip * {ip*oK) G A* . We shall prove 
that p and p*°K are i^-bounded. Let a G 'D{rf). Then (cf. ULSfl l {(p3*°K) * a G 'D{rj) and 

p{a) = [tp * {Lp*oK)){a) = iP{{lp*ok) * a) ^ {z^,\ri{{p*oK) * a)) 
= {z-4,\W^^o^T]{a)) = {W^z^\r]{a)). 

Hence p is i^-bounded. Exchanging the role of (p and ip in the above argument, we see that p*°K 
is L^-bounded. Hence W^W^ = W* & Aq. In this way we showed that 

(6.7) cAqCAi. 

Ad 1. Let y G T>{Q) and c G 2^(77') such that ri'{c) G I?(Q^^) and = ujy_rfi(c)- Then for any 
a G 25(77) we have 

(6.8) if{a) = (y|a7y'(c)) = (7/|c77(a)) = (c*y|7^(a)). 
It shows that pi is L^-bounded. On the other hand, if* = bj^i(^f,),y a-nd 
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Therefore W* ,^ ^ £ Ai. One can easily check that the set of functionals LUj^nj^^ j^if^^) (where b and 

c satisfy the above condition) is linearly dense in £(7i)* by Proposition 14.21 Hence Ai is dense in 
A (cf. H3.16() ). The first inclusion in (|6.7|l shows now that Aq is dense in A. 

Ad 2. If e Aq, then VF^.o^ e and = W^,^^ by Hence Aq is invariant under 

the involution. Formula (|6.7|) shows now that Aq is a subalgebra. 

Ad 3. Statement 4 of Theorem It) . 41 shows that Ai C 'D{rf). Let y, c and Lp be as in the proof of 
Assertion 1. Using Assertion 4 of Theorem 16 . 41 and formula Ht).8|l we see that 

(6-9) m:^,^,j^^*y- 

Using Proposition 14.21 we find that ri{Ai) is dense in 7i. So is 77(^0); by Ijti.TII . ?7(j4o) contains 

Ad 4. If a e Aq, then a = W* and a* = W^, where (p, t/; are bounded and L^-bounded 
functionals on A such that -0 = ip*°K. Remembering that V' and ip* are cr- weakly continuous and 
that is a closure of k, we see that ili{b) = ip*°n'^^ {b) for any b £ 

Let 6 e (cf. lESl)- Then b,K^'\b)* e P(r/") and using JHHIl, we have 

{V"{n'\brma)) = R^P^Wy-V'* 

Since {?y"(&) : 6 G Pq} is a core for F and Fr/"(&) = j]" (n^'^b)*), we obtain 77(a) G V{F*) and 
F*rj{a) ^^{a*). □ 

Remark 6.6. To show that AoTi is dense in Ti, we suppose that x G 7i is orthogonal to W* TL 
for aU 6, c G !?(??') with 77' (6) G X>(Q) and 77' (c) G V{Q^^). Then 

(77'(&)|I¥(y,x)ry'(c)) = (W^:^,,,, ^,,^,y|x) = 
and hence W{y,x) — for all y E H. Using Proposition 13 . 21 we see that 

||xfl = ^I^(e„,a;)*I^(e„,x) = 

and X = 0. Thus AqTY is dense in Ti. and hence AQrj{AQ) is dense in ry(Ao). 

Proposition 6.7. Let a G C{Ti.) and z £ Ti.. Then the following three conditions are equivalent : 

(1) aeVirf) andrf{a) = z. 

(2) For any be Aq, 

(6.10) bz = arj{b). 

(3) (z, x) G $ and r]{W{z, x)) = a*x for all x eTL. 

Proof. Ad 1 ^ 2. It is clear. 

Ad 2 3. Let y, c and (p be as in the proof of Assertion 1 of Proposition l6.5l Then W* G A. 
Moreover, ip{a) = {c*y\T]{a)) for all a G T>{t]) and r]{W*) = c*y by H6.9|l . Replacing by W* in 
(|6.1U|) . we obtain 

W*z^ac*y. 

Let a; G Ti. Then 

iy\W{z,xW{c)) - ^(M^(z,x)) = (W^^z|x) = (ac*y|x) = (y|m*x) 

for all y G 'D{Q). Therefore W{z, x)ri' (c) — ca*x for any c G ^'(77') such that 77'(c) G V{Q^^). 
Using Proposition 14.21 we see that W{z,x) G 'D{ri") (hence {z,x) G $) and rj" {W{z, x)) = a*x. 
Since W{z, x) e A and 77"]^ = 77, we see that W{z, x) G 2?(77) and ri{W{z, x)) = a*x for aU x eH. 
Ad 3 ^ 1. Assume that (z, x) G $ and 77(^^(2, a;)) = a*x for all x eH. Let 6 G V(rj). Then 

(x|a?y(S)) = {a*x\m) = {r^{W{z,x)mb)) = (xjSz), 

and hence we have bz = 077(6) for all 6 G 2^(77). Thus a G A' , a G 'D{fj') and 7/'(a) = z. □ 

Corollary 6.8. The set Aq is a core for rj (resp. rf' ) with respect to the strong topology in A 
{resp. A" ) and the norm topology in Ti. 
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Proof. Let fjo = vIaq- Proposition|^7| (equivalence of the first two conditions), the commutant 
of rjo coincides with rf . Therefore 77^' = rf' . By Theorem IB. 21 Ao — I?(?7o) is a core for rj" . 
Consequently it is a core for rj. □ 

Now we shall show that the operator A introduced in H5.1|l is the dual modular operator. Let 
a, be V{jf). By Proposition O W{jf{a),ff{b)) G V{r)) and 

r]{W{rf{a),ff{b))) ^a*9f{b). 

Exchanging a and 6, we see that W{rf {b),rf (a)) € ^{r]) and r]{W{r]' {b),'q' {a))) — b*Tf{a). More- 
over, by ProDOsitionIO W [a) .if {b)) € V{k) and k{W {rf {a) ^'ff {b)))* ^ W {ff {b) , ff (a)) . Let Vq 
be the subset of A" introduced in (|5.2|l . Then W{ff {a),if (b)) E Vq, and using H5.19|l . we see that 
a*rf{b) e V{F) and 

(6.11) Fa*^{b)^b*^{a). 

Wc shall use the Tomita-Takesaki theory for the von Neumann algebra A" and the GNS-mapping 
rj" . In particular, St and Ft (the subscript T refers to Tomita-Takesaki) will denote the left and 

the right involution operators, respectively. By definition, the linear span of ^b*f]{a) :a,b(£ I?(^)| 
is a core for St and 

(6.12) STb*r]{a) ^a*Jj{b). 

Similarly the linear span of {b*rf{a) : a, b E I?(?f)} is a core for Ft and 

(6.13) FTb*ffia) ^a*ff{b). 

It is known that Ft — S^. Formula (|6.11(l shows that Ft C F. 
Theorem 6.9. The operator F introduced by ^5.iy\i coincides with Ft. 

Proof. We have to show that F C Ft. Let x E 'D{F). Let us consider linear operators 

T : rjia) 1 — > ax, 

(6.14) ' ' 

: 57(6) I — > bFx, 

where a and b run over Aq. By Statement 3 of Proposition 16 . 51 the domains P(r) = DiT^) are 
dense in 7i. 

According to Assertion 2 of Proposition 16.51 a* &. b*a E Aq for any a, b E Aq. Using Assertion 
4 of the same proposition, we have 

m)\mci)) = m)\ax) = {v{a*b)\x) = {F*Wa)\x) 

= {Fx\q{b*a)) = {bFx\q{a)) = {T^^{b)\q{a)). 

It shows that C T* . Therefore T* is densely defined and T is closable. In what follows T will 
denote the closure of the first operator in H6.14|l . Replacing a hy b*a in (|6.14|) . we obtain 

Tb*ri{a) = T?j{b*a) ^ b* ax ^ b*T^{a) 

for any a, b E Aq. It shows that b*T C Tb* . Using this formula, one can easily show that T is 
affiliated with the von Neumann algebra A' . 

Let / be a continuous function on such that {tf{t^) ; t E K+} is bounded, and Tf — 
Tf{T*T). Then T/ E A', Tfy = f{TT*)Ty for any y E V{T), and Tjz = f{T*T)T*z for 
any z E 'D{T*). Replacing y by 77(a), we obtain 

Tfi[a) = f{TT*)ax = af{TT*)x. 

This formula holds for all a E Aq. Then Proposition 16 . 71 shows now that Tj E 'D{jf ) and rf{Tf ) — 
f{TT*)x. Similarly, replacing z by 77(6), we obtain 

T}^{b) = f{T*T)bFx = bf{T*T)Fx. 

This formula holds for all b E Aq. Then Proposition lO shows now that T* E V{rf) and vfiT*) = 
f{T*T)Fx. Combining the two results, we see that f{TT*)x E V{Ft) and 

FTf{TT*)x = f{T*T)Fx. 

Making / converge to the constant function 1, we see that x E 'D{Ft) and Ftx = Fx. Thus we 
have F C Ft. The converse inclusion Ft C F has already been known. □ 
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Theorem 6.10. The operators A and J {introduced by (|5.-?f) and ( |5.-?7| ) respectively) coincide 
with the modular operator and the modular conjugation operator related to the GNS-mapping rj. In 
particular, 

JA"J = A', 
A**1"A"^* = A" 

hold for all < G M. 

Proof. See formula (|5.18() . □ 
Proposition 6.11. A" n A" = CI. 

Proof. We know that JA"J = A' and JA"J = A" (of. ^^). Therefore J {A" r\A")J = A" n A' 
and our assertion reduces to Statement 3 of Proposition □ 

Proposition 6.12. 

(1) /9** G M{A) for i G M and the mapping < G M p** G M{A) is strictly continuous. 

(2) J(p**) =p^*(g)p** forteR. 

(3) The operator"/ in Proposition^^ is a scalar multiple of the identity. 

Proof. Ad 1 and 2. At first we shall prove that 

(6.15) <5*'^(p**) =p'*®p**. 

Since A** = Jp'^JQ"^'^ for i G M and JAJ = 1 by 1^23, it follows that p^* = JA^*Q-2itj 
implements an action of M on A" : p^**yl"p'* C A". Therefore the right hand side of the equation 

(6.16) (p-'* ® 1)S^Hp'') = (P"" ® l)W^(p** ® 1)T4/*, 

commutes with A' (g) 1. The left hand side clearly commutes with A' (g) 1. Since A" n A" = CI 
by Proposition 16.111 the element in H6.16|l is of the form 1 (g vt for some unitary vt . Hence 
(5*^(p'*) = p'* g) ft. It is easy to see that {ftj^gg is a strongly continuous one parameter unitary 
group. Now we use a formula 5^°R^' = a°{R^' (g) R'^^)°6'^' . Since i?^^(p'*) = p"** by Proposition 
WB we find that i5*^(p'*) = R^{v-t) «> P**- Thus p** (g = R^' [v^t] <g P**- Therefore is a scalar 
multiple of p**. Hence there exists a positive scalar fi with vt — fi^*p^*. Inserting this vt to the last 
formula, we get p~** — ^"^^ for all t G ffi. Hence we see that n = 1 and Vt = p**. 

Now formula l|HT^ takes the form 1 (g p** = (p"'* (g l)Vr(p'* (g 1)1^*. AU the factors on the 
right hand side belong to M(]C{7i) (g A) and depend continuously on t G K with respect to the 
strict topology. Therefore p'* G M{A) and the mapping t ^ p** is continuous with respect to the 
strict topology. At this moment one can erase the superscript M in (|6.15() . 

Ad 3. Due to and (|^T^ we have: crs(p'*) = 7'''*p** and r,.(p**) = p** for all t, s G M. 

Taking into account Assertion 2 of Lemma 14.31 we compute: 

^ ^(^«^*p»t) ^ 6{as{p'')) 

= (a, (g Ts){5{p'')) = a,(p'*) (g T,(p'*) 

= (g) p^* = (y^* (g) l),5(p**). 

Thus we get (5(7***) = 7*^** (g 1. Using ProDOsition l4.7l we get 7**** G CI. Hence 7 is a positive scalar 
multiple of the identity. □ 

In short, Assertion 1 of Proposition 16 . 1 21 means that p and p~^ are affiliated to the C*-algebra 
A. Assertion 2 says that 5{p) = p. In other words 

(6.17) W{p®l)W* = p® p. 
Proposition 6.13. We have 

(6.18) 7 = A-il, 
where A is the constant appearing in Definition \1.5\ 

Proof. We shall use the first formula of H4.12(l . It shows that o's(p**) — 7''**p** for any s,t G M. 
Therefore p** is entire analytic for {uslsgR and cri/2(p**) = 7~*^^p**. By Theorem lD.71 6p'* G ^{ri) 
and 

7*/^(6p^*) = J ip^'Y Mb) = Jp-''Mb) 
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for any b € 'D{ri). Now we have: 

A-"?7(&) - Q-^^'Jp'^'Mh) = 7*/2Q-2**,7(6p'*) = (A7)*/2,7(r_t(V*)), 
where in the last step we used H2.1|l . 

Let (/? e A* be L^-bounded. Taking into account (|6.4() we get: 

[^^'m;)\n{h)) = (v{W;)\^-'*r,{h)) = (A7)*/2 {m;)Hr-t{hp''))) 
= (A7)*/V(T-t(fop")) - (A7)*/2(p"^or_,)(&). 
This formula holds for all h E 'D{rj). It shows that p^*'(f°T^t is i^-boundcd and that 

On the other hand, according to the Tomita-Takesaki theory (Statement 1 of Theorem ID.6|) . 
A**?7(W*) = rj{5t{W^)), where a is the modular automorphism group related to the weight h 
associated with 77 (see (jT.lll in the next section). Since is injective, we get 

Remembering that at and tj are implemented by A** and Q^'* we obtain 

(id ® v')((A** ® 1)T4^(A-** ® 1)) = (A7)*/2(id ® (p"(^°T_t))(W^) 

= (A7)*/2(id (g) (g) Q~^'')W{1 (g) Q2^V'*))- 

Hence we have 

(A** (g) (A7)~*/2Q2it^|y ^ ^(^it ^ Q2it^^t)^ 

In this formula, all entries except (A7)^*/^ are unitary operators. Therefore |(A7)^*/^| — 1 and 
7 = A-il. □ 

Remark 6.14. Notice that the last formula of the above proof reduces now to 
(6.19) (A'* (g Q^'')W = T4^(A'* (g Q^**/)- 

At the end of this section we investigate the behavior of the right invariant Haar weight with 
respect to left translations. In the following proposition we use a vector presentation of the GNS 
map 77: 

X — ^® 

via) = 2^ ailk 

k 



for any a e V{r]). Then (cf. f^T^i ). W{r]"{a) g) y) = J2k^ S{a){nk (g y) for any a e V{r]") and 

y&n. 

Proposition 6.15. Let a G V{ri") andx eV (p^^^). Then 

(6.20) S{a){x (g> nk) = iJ(g)J)W*{J(g)J) (^p^/^x(g)r]"{a)'^ . 

fc 

Proof. We may assume that a e 'D{r]") n 'D{r]'[) (by Proposition 15. 14| the latter set is a core for 
77"). Using (|5.,'U(I we obtain: 

(?72(a) (g Jpi/^a;^ (A-'/Vpi/2jr;"(a) (g Jpi/aj.^ 

A-^/4(J ® J)W* ^ pi/2) ( J?7"(a) g) x) 
= A-*/4(j^ J) (-^1/2 ^ ^^-j M^*(Jr;"(a) g)a;) 

(A-'/4 J ^ 1) iy(r;"(a) ® Jx) 
= (A-^/^'Jpi/^j^ 1) ^ (5(a)(r2fc g) Jx) = ^ (5(a)(jr2fc g) Jx). 

k k 

In this computation we used in the second and fourth steps formula H5.22|l and in the third step 
formula H6.17|l . At the end we used Proposition 15 .151 It shows that the last series is convergent. 
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Replacing in the above formula a by R(a)* we obtain 

W {jTi"{a) ® Jp^/'^xj = ^iRia)*){jnk ® Jx). 

k 

and 

W* [jp^''^x®j7^"{a)^ (^°5{R{a)*){Jx®jnk), 

k 

where a denotes the flip acting ori A® A. Using Assertion 1 of ProDOsition l2 . 61 and formula H5.21|l 
we obtain: 

ao5{R{a)*) = {R® R)5{a*) = {J ® J)5{a){J ® J). 

Therefore 

W* (jp^/^x ® Jr]"{a)^ = ^■^^ J)S{a){x (g) Vlk) 

k 

and ^fin^i follows. 

□ 

Proposition 6.16. Let ip € and b G ^4+. Assume that (p{p) < oo and h{b) < oo. Then 

(6.21) h{h*ip)^Lp{p)h{h). 

It shows that p is an analogue of the modular function on the group. It says, how the right 
invariant Haar measure transforms under left shifts. 

Proof. Let a ~ b^/"^. Computing the norm of the both sides of (|6.2U|) we obtain: 

k 

On the other hand 

\\5{a){x (g) rife) IP =Y^{x® VLu\5{a* a)\x ® U.k) = ^ {^k\b* ujx,x\^k) = h(h * uj^^x)- 

So we proved (|6.21|) for all ip of the form lUx^x {x G 'D{p^/'^)) i.e. for all Lp e A^,+ with p{p) < oo. 

Let ip e A'^. By the GNS construction one may assume that (p{b) = (fi^ |7r(6)Oi^) for any b ^ A. 
In this formula tt is a representation of A acting on a Hilbert space and il,^ is an element of this 
space. Applying the method developed in the proof of Theorem 13.91 to formula (|6.2()(l . one may 
show that 

^® (tt (g) id)d{a){n^ (g> Qk) = (tt ® id)( J ® J)W*{J(g> J) (n{p^/^)n^ (g) ?7"(a)) . 

k 

Computing the norm of the both sides we obtain H6.21|l in full generality. The details are left to 
the reader. □ 



7. Dual weighted Hope C* -algebra and Duality 

In Section |31 applying Theorem 13. 81 to the multiplicative unitary W, we introduced the proper 
C*-bialgebra {A, 6) with cancellation property together with the unitary antipode R and the scaling 
group {Tfjjgjj acting on A. In Sectional we constructed the closed densely defined GNS map rj 
from A into H. Let h be the locally finite lower semicontinuous weight on A related to the GNS 
map 77 by Theorem 1(1 31 for any b A we have 

{rj{b)\m) ifbevifj) 

+00 otherwise. 



(7.1) h{b*b) = 



Let a £ 'D{fj") and r]"{a) — 0. Then there exists a sequence {an}„gp, of elements of I?(7?) 
converging strongly to a such that the sequence {^(an)}„gN converges in norm 0. Taking into 
account (|6.2(l we obtain: {y\ax) — {'r]{W{x,y))\z) = for all {x,y) e $. Remembering that $ is 
dense in TC x Ti. we see that a = 0. It shows that rf' is injective. Taking into account Lemma FC. 51 
we conclude that h is strictly faithful. 
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We shall prove that {A, 5) is a weighted Hopf C*-algebra with h playing the role of the right 
Haar weight. To this end we shall use Theorem lH . 91 with A, S, R, t, h and W replaced by A, 6, R, r, h 
and W — Y.W*Y, respectively. With this replacement formulae (|3.24|l and H3.25|l take the form: 

(7.2) rj f (id (g) (p)S{b)) = f (id (g) ip)w) ^{b) 
and \ J \ J 

(7.3) {id® ipoTi)W ^ {id® Lp){W*). 
We have also to verify that for all t e M, 

(7.4) hon = \% 
where A > is a fixed number independent of t. 

Lemma 7.1. Let e A* and b e 'D{rj). Then (id ® (p)S{b) E 'T>{rf) and formula (|7.2I) holds. 

Proof. According to Corollary 16. 81 the set Ao (cf. It). SI) ) is a core for rj. Therefore we may assume 
that 6 = where V' is a L^-bounded functional on A* . Applying id (g id (g i/"* to the both sides 

of we get 5{b) = (id ®id® ^*) {W^^W^^). Setting d={ip® id){W*) E M{A) we obtain 

(id (g ip)6{b) ^ {id® ip® V'*)(W^r3VK2*3) 
= {id®^P*){W*{l®d)) 
^ {id ®dr){W*)=W*^^,. 

We have to show that 

(7.5) Wl^,EV{fj) and rj {w'l,.) ^ drj{b) ■ 
We shall use formula Ht).4l) . For any a E 'D{ri), we have 

{Hl{a) = ^{d*a) = {^{W;Md*a)) - {df}{W;Ma)). 
Now, (|7.5|l follows immediately from Assertion 4 of Theorem lt).4l □ 

Lemma 7.2. Formula (|7.3|) holds for any ip E A* such that ipok E A* . 

Proof. Let ■(/' G C{Ti.)*. Formula (|3.18|l applied to the manageable multiplicative unitary W shows 
that {ip ® id){W) E V{k) and 

K{{'ip ® id){W)) = {il^® idi){W*). 

Therefore we have 

V'((id (g ip°2){W)) = {ip°Ti){{il} ® id)(W)) 

= V?((V'(gid)(T?*)) ='il}{{id®ip){W*)) 
and (fT^ follows. □ 

Formula (|7.4|l with A = A^^ follows immediately from the following 
Proposition 7.3. Let b E T){rj). Then Tt{b) E T>{rj) and 

7}{n{b)) = \-'/'Q'^'m 

for all t E R. 

Proof. Assume that b E 'D{rj). Then 

(7.6) {y\bx)^{T^{W{x,y))\m) 

for all (a;,y) E $. Let i G R. According to the second assertion of Lemma [2.81 T-t{W{x^y)) = 
W{Q-^'^'*x,Q-'^'*y). Formula (E3 shows now that {Q-'^^*x, Q-'^'*y) E $ and 

v{W{Q'^^'x,Q-^^*y)) = X~'^^Q-'^'r^{{W{x,y)). 

Replacing {x,y) in H7.6|) by ((5~^**x, (5~^**y), we obtain 

{y\n{b)x) = {f^{W{x,y))\X-'^^Q'^'rj{b)) 
for aU {x,y) E $. It shows that Tt{b) E V{f]) and fj{Tt{b)) = X-*^^Q^'*ri{b). □ 
Using now Theorem 13.91 we get 
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Theorem 7.4. The C* -bialgebra (A, 6) is a weighted Hopf C* -algebra with antipode k, Haar weight 
h and scaling constant A equal to the inverse of the corresponding constant A for {A, 5). 

By definition (A, (5) is the dual of the weighted Hopf C* -algebra (A, (5). It is easy to see that 
the passage W i — > W is involutive: 

Therefore we have the following 

Theorem 7.5 (Duality). The dual of the dual of a weighted Hopf C* -algebra is isomorphic to the 
original weighted Hopf C* -algebra. 

Developing the theory of weighted Hopf C*-algebras we constructed a number of objects related 
to a given weighted Hopf C*-algebra {A, S). We list some of them in order of appearance: 

K, h, T, R, A, H, rj, Q, A, J, W, A, S, R, t, A, J and rj. 

Clearly the corresponding objects related to the dual weighted Hopf C*-algebra {A, 5) equals: 

K, h, ?, R,X = X-\ n, ^, Q, A, J,W = EW^*I], A, S, R, t, A, J and 77. 

The objects dual to p and 7 will be denoted by p and 7, respectively. Many of the formulae appear- 
ing in the paper form dual pairs. The examples are: f (|^ . l|T^ '). {^^,^^), f (|??^ . (|?^ 'I . 
etc. The formulae (1^?^ . ifT^ . ifTTji . etc. are selfdual. 

Proposition 7.6. Let Aroi be the relative modular operator determined by the weight h and the 
weight ho R (A,.oi is the object dual to Arci). Then 

(7.7) Aroi® A = T^(A(g) Arci)W^*. 

Proof. We start with formula l().17|l . Applying to the both sides Adj^j and using (|5.22|) we obtain 

W* {JpJ ®l)W ^ JpJ ® JpJ. 
Combining Proposition 14 . 61 with (|5.21ll we see that J pJ = p^^. Therefore 

(7.8) W*{JpJ(gil)W ^ JpJ® p-\ 
We shall also use the dual formula 

W*{JpJ(gi l)W = JpJ®p-\ 
By easy computation it reduces to 

(7.9) W* {p-^ (g) JpJ)W = 1 (g) JpJ. 

Let <: £ R. Rising both sides of (|7.8|l and l|7.9|l to the power —it and multiplying side by side the 
two equations we obtain 

VK*( V* Jp** (8) Jp'*J)W = Jp'^J (E) p'^J^'j. 
Remembering that W commutes with Q (g) Q we get 

(7.10) W*{Jp''Jp''Q'^'' (g) Jp''JQ^'*)W = Jp'^JQ^'* (g) p'^Jp'^JQ^'K 

Formula (jSUl) shows that Jp'^JQ'^'* = A**. By duahty Jp^JQ'^^^ = A". Consequently, 
by pUjl and |HlH|l we have p'^Jp'^JQ^'* = p**A** = 7-'*'/2Aj4i = A^'/^^j^j. By duality 
p^'^Jp^^JQ^^* = A~** /^Aj.*[. Replacing t by —t and taking hermitian conjugation we obtain 
Jp^^JQ^^^p^* — A'*^/^A**j. We know (cf. (|4.13|l 'l that p is Tt-invariant. Therefore it commutes 
with Q. So does p (duality!). Therefore J p'* Jp"^ Q'^"^ = A**'/2Aj*i. Inserting these data into lf7TT1|l 
we obtain: 

W*(Aj*i A'')W = A** (g Aj*i 
and (|7T|l follows. □ 

We end this Section with an explicit formula for the relative Tomita-Takesaki operator S'lci- By 
definition S'lci is a closed conjugate linear operator acting on Ti. such that 

Srcib*ri{a) = a*r]L{b) 
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for any a G 'D{r]") and b € Vijfl). The self-adjoint part of the polar decomposition of 5rei, denoted 
by A^gj'^ , has been already investigated in Section ^ Let Jrei be the antiunitary part of this 
decomposition: 

^rcl — ^^rcl^i-c} ■ 

We shaU prove that Ji-ci = A"*/® J. Let a € V{-q") and h e V{-q'[) n V{'q"). Then we have 
J Vim - J./;,i5,ei6*ry"(a) - JA^Y^>"(«) 

where we used (14.15(1 in the third step, ((5.31|l in the fifth step and H6.18|l in the last step. 

Now we notice that due to the last statement of Proposition 15.141 a*rj'[{b) runs over a dense 
subset of 7^. Therefore Jj;^^ = A*/«l, J^i = \-^'^J. In this way we showed that 

(7.11) 5rel = A-'/8 JA,Y'. 

8. Quantum Codouble 

In 1^ P. Podles and the third author of the present paper have introduced the so called 'double 
group construction'. It was the construction dual to the quantum double of Drinfeld 6 . In this 
section we describe this construction within the framework of weighted Hopf C*-algebras. The 
weighted Hopf C* -algebra {B,5^) arising with this construction is built of a weighted Hopf C*- 
algebra {A,S) and its dual {A, 6). We shall call {B,S-^) the quantum codouble of {A,S). The 
theory presented in ^21 deals with the case of compact {A, S) (and discrete {A, S)). 

A weighted Hopf C* -algebra is said to be unimodular, if the right Haar weight is left invariant. 
Then hoR = h. 

Let {A, S) be a weighted Hopf C*-algebra, {A, 6) be its dual and W G M{A ® A) be the Kac- 
Takesaki operator related to {A, S). We shall consider the twisted flip aw acting from A^ A to 
AiSi A defined by 

aw = a°Adw — Ad^ofj, 
where a is the flip map: a{b^a) = a (8)6 for any a E A and b E A. Then aw G Moi:{A(E) A, A^ A). 
The quantum codouble of (A, S) is by definition the pair {B,S^), where 

B = A(g)A 

= (id (g)aw id)°(d(g> S). 

In the second formula S 6 E Mor(^ i^A, A'^A'SiA'^A) = Mor(i?, A iSi A A iSi A) and 
id ig) aw ^ id E Mor(^ gAi^Ai^A, AigA®AiS)A) = Mor(^ <^ A A ig) A, B <S) B). Therefore 
E Mor{B, B (g) B). We start with the following 

Proposition 8.1. The pair {B. 6^) is a proper C* -bialgebra with the cancellation property. 

Proof. Clearly B is a separable C*-algebra. Using formulae H3.8|l and (|3.21|l one can easily verify 
that 

(5 ® id)aw ~ (id (8) aw)(<Jw ® id)(id (g) S), 

(8.1) 

(id (g) 5)aw = [ow ® id)(id ® aw){& ® id). 

Now the coassociativity of 8^ follows from a simple computation. For details see |23 the proof of 
Theorem 4.1]. 

For any subset E C M{B ® B) we denote by CLS {E} the norm-closed linear span of E. To 
prove the properness and the cancellation property we have to show that CLS {6^{B){1 §5 S)} = 
CLS {{B (E) l)6^iB)} ^B^B. 
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We know that the set S{A){1 (g) A) is a hnearly dense subset oi A(E) A. Therefore 
CLS {S^{B){1 (g)B)}= S23CLS |w^2*3 p(^) ® '5(A)) W23il(g>A(g)l(g)A)} E23 

= S23CLS {W^2*3 p(^) ® '5(^)(1 ^)) M^23(l ® ^® 1 ® 1)} S23 
= E23CLS {W^2*3 {HA) ® a ® a) 1^23(1 «) a ® 1 ® 1)} E23 



= S23CLS |m^2*3^12 (a ® 1 ® a ® a) M?i*2W^23(1 1 1)| 



where in the last step we used the formula S{b) — W{b (g) 1)M^*. The pentagonal equation implies 
that Wl^W^'i = W^i3t?i*2VFi3. Therefore using in the second step the formula (A® A)W = {A® A) 
we obtain 

CLS{(5^(S)(1® B)} = E23CLS{ 1^2*3^^12 (a®\® A® A^ Wx-iWl^Wl-^il® A®\®\)^Y.2-i 

= S23CLS 11^2*3^^12 {A®\® A® ^^1*2^^13(1 ® A ® 1 1)| S23 
= S23VF2*3CLS |(?(1) ®A® A){\ ®A®\®\)^ W^i*3S23- 

We know that the set (5(A) (1 A) is a linearly dense subset oi A® A. Therefore 

CLS{(5^(B)(1® B)} = S23W^2*3(^'^^'^^®^)W^r3S23 

= T,2-i(A® A® A® A)T,2-i 

= A®A®A®A = B®B. 

In the similar way one can show that CLS {(B(g)l)(5'^(B)} □ 

Let 77, r\ and 77^ be the GNS maps considered in previous sections. We shall also use the GNS 
map 77/, defined on A, introduced by the formula 

(8.2) ^Ub) ^ Jv{R{b*)) 

dual to H^rm . By definition P(?/l) ^ [b e A : R{b*) e I?(?y)}. As we know, rj and 77^ are GNS 
maps related to the right and left Haar weights h and hoR on (A, (5). In same way, 77 and 77^ are 
GNS maps related to the right and left Haar weights h and hoR on (A, 5). We shall use the tensor 
product of GNS mappings (see Appendix IE|| . Let 

(8.3) V^=VL^V, 

Then rj^ and rj^ are closed densely defined GNS maps on B = A® A with values \a.TL®TL. Let 
U £ ® H) he the unitary operator introduced by 

(8.4) U = W{ J® J)W{ J® J). 
We recah that W e M{A®A) = M{B). 

Proposition 8.2. We have: 'D{r]f ) ^ Adi^. (^(77^)) and 

(8.5) C/*77^(c) = y/V(AdH^.(c)) 
for any c G 'D{rj^). 

Proof. Recah that S,^iri{a) = 77^(0*) for a € V{r]) n X'(77l)* and (cf. TnH ) 5^1 = A^'/^ JA^^^f . 
By duality Srcivia) = vda*) for a G V{^) n X>(?7l)* and S^rci = A'/^ JA;^/i^ To make the notation 
shorter we set Jb — J ® J- For any a £ 'D{ri) n VlrjL)* and b e ^'(t}) n 'D{rj)* we have 

[/77f (6* ® a*) = WJbWJb{W) ® VL{a*)) = WJBWJB{S®Srei){v{b) <E) 77(a)) 
= \-'/^WJbW{A ® A„i)^/2(^(&) ® 77(a)) 
= \-'/^WJb{\cI A)i/2w^(^(&) ,7(0)) 
= \-'/^WJb{\cI A)^/^{f}® r)){W{b ® a)) 
= X-'/^W{Srci ® S){^®f]){W{b ® a)), 
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where in the fourth step we used relation (|7.7|l . Since W{bi^a) G 'D{r](E)ri) and {rj (8) rj) {W {b (g) a)) G 
V{Srei «> S), it follows (cf. Theorem Id3)| that (6(g) a)* W^* G V{riL «> r]). Hence we see that 

Uri^{b* ®a*) = \-'/'^W(S,^y®S){9j®ri){W{b®a)) 
= X-'/^W{fiL (g> r])iib* ® a*)W*) 

- A-^/4(?yi (g) r;)(iy(6* (g) a*)iy*) = X-'/*t]^ {Adw{b* g) a*)). 

Since the algebraic tensor product of 'D{T])nT>{fj)* and T){rjL)C\'D{rj)* is a core for the GNS mapping 
77^, it follows from the above argument that Advi/(c) G 'D{ri^) and 

(8.6) C/r7f(c)=A-^/V(AdH^(c)) 

for any c G 27(77^). Hence we see that Advi/(2?(''7^)) C 'D{rj^). Passing to the dual state- 
ment we obtain Adw{'D{rj^)) C 'D{ri^). Combining the two inclusions we obtain the equality 
Mwipij]^)) = 2?(77f )• To end the proof we notice that ijS^ is equivalent to 

□ 

Now we shall introduce the unitary antipode, the scaling group and the Haar weight related to 

= iR(8R)oAdw', 

(8.7) Tf=Tt®Tt, 

= hoR g) h, 

where = hoR g) /i is the weight on B associated with the GNS mapping rj^ = rji^ ® -q. Using 
the properties 

{R®R){W)^W, {R(g)R)oAdw* ^Adw°{R(E>R), in (g> Tt){W) ^ W, XX = 1 
one can easily verify the following: 

Proposition 8.3. R^ is an involutive antiautomorphism of B, {''"t^ljg^ a strongly continuous 
one parameter group of automorphisms of B commuting with R^ and h^ is a locally finite, strictly 
faithful, lower semicontinuous weight on B such that h^orf — h^ for all i G M. Moreover 

(8.8) h^oRB ^ hB 

Proof. Only the last formula needs a justification. Let be the weight on B related to the GNS 
map TjB . By definition 

^h®hoR^ (hoR g) h)o{R g) i?) = h^o(R g) R). 

Therefore 

H^oRB = /if oAdvF* = h^, 
where the last equality follows immediately from (|8.5I) . □ 

Our main aim in this section is to show that {B, S^) is a weighted Hopf C*-algebra. To this end 
we shall use Theorem 13 .91 with A, 6, R, r and h replaced by B,d^ , R^ and hB . Then the role 
of Ti and ry is played by =H 'S)Ti and rjB and the unitary W (denoted in the present case by 
W^) acts onn^ <E)n^ ^n(E)n<Sin<Sin. We shall prove that 

(8.9) = Ui2Wi3U^2W24- 

satisfies all the assumptions of Theorem IX^ Remembering that W G M{A g) A) C M{JC{H) g) A) 
and W G M{A g) 1) C M{K,{n) g) A) we see that G A/(/C(7^) g) lC{n) ®A®A) and 

(8.10) G M{K,{n^) (g B). 

In the following propositions we shall use a special notation. For any Lp G A* and any a G A we 
set: ^p■^,{a) — ip * a. Then Lp^ is a linear mapping acting on A. Similarly for any "if) G A* and any 
b (z A we set: ip^lb) — tp * b. Then -0* is a linear mapping acting on A. Clearly 

iy9* = (id g) <p)°(5, 
ip* = (id g) ij)°6. 

One can easily verify that ip^, and ip^, are completely bounded. Consequently V-"* g" id and id g) 
are bounded linear mappings acting on B = A (g) A. 
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Proposition 8.4. For any -0 € A*, G A* we have: 

(id (g) id (g) V' «) ip)W^ = U (id (g) %I;)W ®l U* 1 (g (id g) Lp)W 
(id g) id (g V' g" ^p) "S^ = Mw "{tp* <g id) "Adw °(id g" V?* ) ■ 



(8.11) 



Proof. The first formula follows immediately from (|8.9|l . Using the second formula of H8.1|l we 
compute: 

{aw (g id (g id)o(5^ = {aw g" id g) id)o(id (g ctw/ g) id)°(?(g S) 



Therefore 



and 



= (id (g (5 (g id)°{aw (g id)o(id (g (5). 
6^ = {ay^ (g id (g id)°(id (g ?(g id)o(CTvi/ (g id)o(id g) 5) 
(id g) id g) V' g" V3)°(5'^ = CT^y'o(id g) ■0*)°o-H'°(id g) iy9*). 



Remembering that aw — a°KAw* and using the relation (To(idg)'i/;*)°o' = V"* 'X'id we get the second 
formula of □ 

Proposition 8.5. 

1. For any tp A^, and any c G 'D{rj^) we have: (id g) (/9*)c G 'D{ri^) and 

?7^((id«) .^*)c) = 1 g) (id g) ((f)^/' »7^(c) . 

2. For any tp G A* and any c G T>{ri^) we have: {"tp* g" id)c G 'D{rj^) and 

77^((-0* «'id)c) = (id g) -0)^" (g 1 ?7^(c) . 

3. -For any G B^, and any c G 'D{rj^) we have: (id g) ii)5^{c) G 'D{ri^) and 

if ((id ® m)^^(c)) - [(id ® A')W^^] V^{c)- 
In the last point, id denotes the identity map acting on operators in 7i g) 7i. 

Proof. Ad 1. For any ct- weakly continuous functional ip, the mapping id (g) ip maps strongly 
convergent sequences into strongly convergent sequences. Formula S{a) = W{1 (g a)W* (cf. \6.7}i ) 
shows that the comultiplication S has the same property. Therefore ip^ maps strongly convergent 
sequences into strongly convergent sequences. Therefore we may assume that c — 5 g) a, where 
b G 'D{rjL) and a G T>{irj) (by definition ^{rjL) g)aig 'D{rf) is a core of r/^ = t]l ^ rf). In this case our 
relation takes the form 

?7l(6) g) ri{ip * a) ??l(&) g) [id g) i^)W^] 77(a), 

which immediately reduces to (|1.6|) (cf. H3.6|l '). 

Ad 2. In this point we may assume that c = 5 g) a, where b G 'D{jii) and a G ^{riL). In this case 
our relation takes the form 

77(^(idg)-0)?(6)^ g)?7L(a) = {id®%p)W r}{b) ^ 'qL{a), 

which immediately reduces to (|7.2|) . 

Ad 3. By Remark 13 . 1 Ul we may assume that ^ = i]j® ip, where ip d A* and p (z A* . (the reader 
should notice that A*g)aigA* is norm dense in B^). Let c G 'D{rj^). Using Statement 1, Proposition 
18.21 Statement 2 and again Proposition l8 . 2l we obtain: (idg)93*)c G 'D{ri^), Adw* {id(gp^)c G 'D{r]j^), 
(?/>* (g id) Adw (id (g i^,)c G T^{Vd) and 

Adw(0* (g id)Adw. (id g) V3*)c G X'(?7^) . 
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According to (|8.11|l the last expression coincides with (id® ii)S^(c). Taking into account 18.11|l 
and ()8.5|) we have: 

[(id «) n)W^] 7]^{c) = U [(id ® ® l] U* \l ® (id ® ip)w\ ry^(c) 



U 



{iA®ij)W®l U*'q"{{iA®ip*)c) 



= X'^Ur^^iii!, ® id)Adiv* (id f,)c) 
= rj^{Adw{ip* id)Advi/* (id (g> ip^)c) 
= ?7^((id(g) ^)(5^(c)). 

□ 

Let — R^°Tf^^. Then = (/? (g) K)oAdw*- Let € A* and ip & A* he Unear functionals 
such that il^oK e yl* and if°K £ A* . For any c E B we set: 
(8.12) ^(c) = (V' ® ip){W*cW). 

Then fi B* and one can easily verify that 



In particular E B* . 



Proposition 8.6. For any ji E B* such that ^ok^ E B* we have: 

(8.13) {id® ^ion^)W^ = {lA® ^i){W^*). 

Proof. In the following computation we use leg numbering notation for operators acting on Ti®'^ = 
Ti®Ti®H®H. Our first aim is formula H8.16|l . We start with the pentagonal equation Wi4W^i3 = 
W34W13W34. Multiplying the both sides from the right by W12 we get 

Combining this formula with the pentagonal equation 1^1*3^^12 = W23W12W23 we obtain: 

(8.14) ^^1*4^^23^^1*21^2*3 = M^34VF23W^i*2W^2*3W^3*4- 

For any operator V acting on Ti'*'* we set: 

Ad{V) = ( J (g) J® J ® J)V{J ® J® J ® J). 

Clearly Ad is an conjugate linear multiplicative operation acting on C{TC^^). Using (|5.22|) we obtain 
immediately the relations: Ad{W34) = W^^, Ad{Wl^) = W14 and Ad{Wi2) = W^. Furthermore, 
taking into account definition (|8.4|l we see that Ad{W23) = U23W23. Applying Ad to the both 
sides of (|8.14|) we get: 

W^14C/23W^2*3W^12W^23C/2*3 = M^3*4f^23M^2*3W^12W'23 [72*3^34. 

Multiplying both sides by W13 from the right and using pentagon equation VF34M^i3 = W13W14W34 
we obtain 

(8.15) VFl4C/23VF2*3VKi2W^23(72*3l^l3 = t^3*4t^23W^2*3W"l2 3 f/2*3W^l 3^^141^34 . 

The reader should notice that the 'third leg' of W^23t^2*3 = {(J ® J)W*{J ® J)}23 'belongs' to the 
commutant A' of A, whereas 1^13 E M{A® 1® A®1). Therefore W23U23 commutes with VF13 and 

1^2*3^^12^^23(72*31^13 = VF*3 1^12 W^l 3 3^^2*3 = Wi2U*2^. 

Therefore (|8.15(l takes the form 

W^14f/23VFi2{/2*3 = t^3*4'723W^12C/2*3VFi4VK34. 

Now we perform the cyclic permutation of the first three Ti in Ti!^^ = Ti®Ti®T-l®Ti. It results with 
the following replacement of the 'leg numbers': 1 ^ 3 ^ 2 ^ 1. Then W^i2 goes into W31 = W^^^ 
and our formula takes the form 

W34Ui2Wl^Ul2 = W;iUi2W^3U^2W34W24. 

Rearranging this formula we obtain 

(8.16) W""* - VK2*4{/l2W^r3C/r2 = VK34;7i2VKi*3t/r2W^2*4W^3*4. 
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Let /X be the functional on B introduced by (|8.12|) . Applying id (g) /i to the both sides of H8.16|l 
and using in the third step formulae and H7.3|l we obtain: 



(id (g) fi)W^* = {id (g) id (g) (g) (fi) (UuW^^U^^^i^ 



u 
u 



{id (g) ij){W*) (g)l U* l(g> {id (g)(p){W* 
(id g) tp°K)W g) 1 U* 1 g) (id g) (poK)W 



= (id «) id (g) ® (Ui2Wi3U^2^24: 
= (id® ^okS)(i^S)^ 

In this way we showed that H8.13|l holds for any fj, of the form (|8.12|) . Clearly the set of functionals 
of the form (|8.12() is linearly weakly* dense in B* . Moreover for any t € M the functional ij,°tP 
is again of the form H8.12|l . Indeed, remembering that W commutes with Q g) Q we see that 

tP = Tt g) Tt commutes with Adw and 

^orf (c) = {TpoTt g) ip°Tt){W*cW). 
Now, using Remark 13.111 we obtain (|8.13|) in full generality. □ 

Let us summarize the results obtained so far. We have constructed the sequence of objects: 
B,5^,R^ ,7]^ . Taking into account Proposition lO Proposition lO formula (pHnjl . 
Statement 3 of Proposition 18.51 and Proposition 18.61 we see that these objects satisfy all the as- 
sumptions of Theorem 13. 91 Making profit of this theorem we obtain 

Theorem 8.7. The pair (B,6^) is a unimodular weighted Hopf C* -algebra with A = 1. The 
unitary antipode, the scaling group and the Haar weight related to {B,S^) are given by (|8.7|) . The 
corresponding Kac-Takesaki operator coincides with (|8.9() . 

The unimodularity of {B,S^) follows from H8.8|l . It shows that the left and right Haar weight 
coincide. By the theory developed in Section El is a manageable multiplicative unitary. 

Inserting definition (|8.4|l into H8.9|l we obtain 

= (^(Jg) J)W(Jg) J)^^_^Wi2Wi3W^2 [{J<^ J)W*{Jg> J)^^^W24. 

By pentagonal equation W12W13W12 — W23W13. Therefore 

= (^{Jg> J)W{Jg> J)^^^W23Wi3 (^{Jg> J)W*{Jg) J)'^^_^W24. 

This formula admits further simplification: 

^W23Wi3 (^{J g) J)W* {J g) J)^ ^^W24. 

The verification of the last equality is left to the reader as an (un-easy) exercise. 



9. Appendix 

A. Multipliers and morphisms. In this Appendix, we collect some technical statements con- 
cerning the multipliers and the morphisms of the C*-algebras. 

For any ip A* and a, 6 e A we define functionals bip and ipa in A* by 

(M(a) = V{ab) = {'pa){b). 

Then A* is a Banach A-bimodule. 

Let A be a C*-algebra and {ea} an approximate identity of A. Let (p G A* . Then (p is written 
in the form ip{a) — {x\'K{a)y), where {n^Ti.} is a representation of A and x,y CzTi.. For any a € A 
we have 

\{ea(p - v){a)\ = \(p{aea - a)\ = |(a;|7r(aeQ - a)y)\ < \\x\\ \\a\\ ||7r(eQ)y - y\\ 

and 

\{(pea - (p){a)\ = \(p{eaa - a)\ = \{x\Tr{eaa - a)y)\ < ||7r(ea)x - x|| ||a|| \\y\\. 
Hence the sets {(pea} and {ca^p} converges in norm to ip. Thus we find that 



(A.l) {aip : a £ A,ip e A*} ^ {ipa : a e A, ip € A*} A* 

Now we recall the Doran-Wichmann's factorization theorem: 



A C*-ALGEBRAIC FRAMEWORK FOR QUANTUM GROUPS 



51 



Theorem A.l ((5^). Let B be a Banach algebra and E a left {resp. right) Banach B-module. If 
B has a left {resp. right) approximate identity bounded by K > 1, then for any x G E and for any 
e > there exist b ^ B and y £ E such that 

X = by, \\b\\ < K, y £ Bx (resp. y £ xB), \\y — x\\ < e. 

In particular, BE = BE {resp. EB = EB). 

Combining this theorem with (|A.ip . we find that 

Proposition A. 2. Let A be a C* -algebra. Then A* = AA* = A* A, i.e. for any ip £ A* there 
exist ip £ A* and a £ A such that ip — atp {or ip = ipa). 

Lemma A. 3. Let A and B be C* -algebras and ip £ B* . Then the slice mapping iAA®p ■ Ai^B — s- A 
has an extension (id^ (g) (p)~ from M{A(E) B) to M{A) such that \\{idA ^ = Iji^ll- 

Proof. Let {c^} be a net in A ^ B converging to zero with respect to the strict topology on 
M{A (g) B). By Proposition rOl ip is of the form b'ip for some b £ A and ip £ A* . Then, by the 
boundness of tp, for any a £ A, {(id^ (8> (p){cc,)}a — (id^ (g) ip){ca{a (g) &)) converges in norm to 
zero. Similarly, we obtain that the net {a{(idA (g (/?)(cq)}} converges in norm to zero. This proves 
that the net {(id^ (E) (p){ca)} converges to zero with respect to the strict topology. Hence the slice 
mapping id^ (g 93 : A (g _B — > A has an extension to the mapping (id^ (g p)~ from M{A (g B) to 
M{A). 

It is known that the unit ball of a C* -algebra is strictly dense in the unit ball of the multiplier 
algebra. Therefore the norm of (idyi (g ip)~ coincides with the norm of id® ip. It is clear that norms 
id (g) </3 and ip are the same. □ 

Throughout this paper, the notion of the morphism between the two C*-algebras plays an 
important role. Here we recall the definition of the morphism. 

Definition A. 4 ([HJ). Let A and B be C* -algebras. Then tt is said to be in the set Mor(A, B) of 
morphisms from A to B if n is a homomorphism from the C* -algebra A to the multiplier algebra 
M{B) such that the subset tt{A)B of B is norm dense in B. 

Each morphism tt of A to i? can be extended uniquely to a morphism tt of the multiplier algebra 
M{A) to the muhiplier algebra M{B): 

Tr(m) ^ TT{ai)xi = ^ ■K{mai)xi 

i i 

for m £ M{A), ai £ A and Xi in the carrier Hilbert space oi B. In this paper this extension of tt 
is denoted by the same letter (we omit tilde). 

The morphisms admit even further extensions to unbounded elements affiliated with C* -algebras 
(see 1201 IS)- If p is a strictly positive self-adjoint operator affihated with A, then {p'^]^^^ is a 
one parameter group of unitaries in M{A) continuous with respect to the strict topology and 
7r(p)** = 7r(p**). In this formula ■k{p) denotes the element affiliated with B corresponding (via 
morphism tt £ Mor(A, B)) to p affiliated with A. 

B. GNS maps. This Appendix is devoted to the notion of GNS map. Neglecting certain details 
this notion is equivalent to the notion of generalized Hilbert algebra. In our opinion it is more 
convenient, when we have to deal with many different scalar products defined on the same operator 
algebra. 

In the following definition operator algebra means either C*-algebra or von Neumann algebra 
of operators acting on a Hilbert space Ti. In the C*-algebra case we shall assume that it acts on Ti. 
in a non-degenerate way. Consequently in the case of von Neumann algebra we understand that 
it contains the identity operator 1-^. 

Definition B.l. Let B be an operator algebra acting on a Hilbert space Ti. and rj be a (unbounded) 
linear mapping from B into Ti.. We say that rj is a GNS map if the domain T>{r]) is a left ideal in 
B and 

(B.l) r]{ab) = a?7(6) 

for any a £ B and b £ T>{ri). The GNS map r/ is called closed if it is closed with respect to strong 
operator topology on B and norm topology on Ti. We say that a GNS map defined on a C* -algebra 
is densely defined if its domain is norm dense in the G* -algebra. Similarly a GNS map defined 
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on a von Neumann algebra is said to be densely defined if its domain is strongly dense in the von 
Neumann algebra. 

The reader should notice that using the term 'densely defined' we refer to different topologies 
in C*-algebra and von Neumann algebra cases. On the contrary to define closedness we use in 
both cases the same strong operator topology on B. The same topology is used when we speak 
about continuous GNS maps, closable GNS maps, the closure of a GNS map and a core (essential 
domain) of a GNS map. 

Let B be an operator algebra acting on a Hilbert space H and fl E Ti.. For any b G B we set 

T]{b) = bn. 

Then 77 is a continuous GNS map with 'D{ri) = B. To obtain less trivial example assume that H is 
a direct orthogonal sum of a family of B-invariant subspaces and for each is/ pick up a 

vector J7i G Tii. Then the formula 

(B.2) 77(6) =^61),. 

defines a closed GNS map. By definition I?(r/) is the set of all 6 e i? for which the above series 
is norm convergent. It turns out (cf. Theorem IB. 7|) that any closed GNS map defined on a von 
Neumann algebra acting on a separable Hilbert space is of the form (|B.2p with a denumerable 
index set /. 

Now we introduce the notion of the commutant 77' of a GNS-map 77. Let B be an operator 
algebra acting on a Hilbert space Ti., 77 be a GNS map defined on B and B' be the commutant of 
B. Assume that the intersection of kernels of all b £ 'D{ri) is trivial. This is always the case, when 
77 is densely defined. For any c' G B' and x £ Ti. we set: 

/ c' e V{rf) \ / c'r]{b) = bx \ 

(B.3) and \ ^ I for all 

V ^ = V(c') / \ be P(77) / 

The reader should notice that there is at most one vector x satisfying the right hand side of the 
above equivalence. One can easily verify that B' is a von Neumann algebra and that 77' is a closed 
GNS map defined on B' . It turns out (cf. Theorem IB. 2|) that rj' is densely defined provided rj is 
closable. 

In the following statements we use the double commutant 77" of a GNS map 77. If 77 is defined 
on an operator algebra B then 77" is defined on the double commutant B" . By the famous von 
Neumann density theorem, B" is the strong closure of B. We have the following 

Theorem B.2. Let B be an operator algebra acting on a Hilbert space Ti. and rj be a closable GNS 
mapping densely defined on B. Then rj' is densely defined on the von Neumann algebra B' , rj" is 
an extension of rj and ^{ri) is a core of r]" . 

Proof. The inclusion 77 C 77" is obvious. Let rj be the closure of 77" restricted to T>{rj)^ a G B" and 
X G H. We have to show that 

/ 077' (p) =px \ / ae V{r]) \ 

(B.4) for aU =^ and 

\ pe 15(77') J \x^ rjia) J 

The condition on the right hand side of l|B.4|l means that the pair (a, x) belongs to the closure of 
the graph of 77 in the (strong x norm)-topology. Remembering that the neighborhoods in strong 
topology are determined by finite sets of vectors it is sufficient to show that for any fii, 172, • ■ • , G 
H and 

for any £ > there exists b E Vin) such that 

(B.5) 

\\x~fj{b)r + j:Lih^k-bnkr<e\ 

Let Ti be the direct sum of 1+n copies of Ti. The copies will be labelled by numbers 0, 1, 2, . . . , 7i. 
For any A; = 0, 1, . . . , n we denote by Xk G Ti. the fc-th component of a vector x GTi. Consequently 
for any b G C{T-C), the matrix elements of b will be denoted by bki G C{T-l) (fc, ^ = 0, 1, 2, . . . , 77). In 
what follows we shall use the diagonal action of B on Ti.: any b G B defines an operator b G C{Ti) 
with matrix elements b^i = b6ki (fc, ^ = 0, 1, 2, . . . , 71). 
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For any b G 'D{r]) we denote by fj{b) the element of H such that 

~(h) =/ '^(^^ forfc = 

\ hVLk for fc = l,2,...,n. 

We shall also use the vector x £H such that 

~ _ j X for fc = 

aSlfc for A; = 1, 2, . . . , n. 

With this notation, (jB.5|l may be rewritten in the following equivalent form: 

{>, closure 
f}{b) : 5e S| 

Let p e Cili.) be the orthogonal projection onto orthogonal complement of {fj{b) : b e i?}. One 
can easily show that the latter space is invariant under the diagonal action of B. Therefore the 
matrix elements of p belongs to the commutant of B: pki E B' for all k,l — 0,1,2, ... ,n. By 
definition pfj{b) = 0. It means that 

n 

Pkovib) + '^pkibrti = 
1=1 

and 

n 

Pkov{b) = -by^pki^i 
1=1 

for k — 0,l,2,...,n. This relation holds for all b G 2?(?7)- Definition (|B.3|I shows now that 
Pka E'D{ri') and ?7'(pfco) = - Ya^^pu^i. 

Assume now that the condition on the left hand side of (IB.4II is satisfied. Then 



Pkox = ari'{pkQ) = -a'^pkifli 
1=1 

and 

n 

Pkox + ^pkia^i = 0. 
1=1 

This relation holds for fc = 0, 1, 2, . . . , n. It shows that px — Q and (|B.6(I follows. This way the 
implication (|B.4|I is proved. 



Setting a = we see that a; = is the only vector killed by all p G 'D{ri'). Remembering that 
15(77') is a left ideal in B' and using Chapitre I, §3, CoroUaire 3] we see that is dense in 

B' . Comparing now (jB.4|l with HB.3|I we see that rj is an extension of 77": 77" C 77. The converse 
inclusion is obvious: 77" is an extension of 77 and rj" is closed. Hence 77 C 77". 

□ 

Assume now that H is separable. Our nearest aim is to show that any closed GNS map is of 
the form IIB.2|l . We start with the following 



Proposition B.3. Let M a von Neumann algebra acting on a separable Hilbert space Ti. and rj be 
a closed GNS-mapping on M . Then there exists d G ^'(77) such that Md is a core for rj. One may 
choose d in such a way that d > and Sp{d) C {1, 2^^, 2"^, . . . , 0}. 

Proof. At first we shall prove that there exists elements c„ G 'D{r}) [n = 1,2,...) such that the set 

_x r ^ linear span 

(B.7) {c„ : 77= 1,2,...} 

is a core for 77. We know that 77 is closed with respect to the strong topology on M and norm 
topology on Ti. We shall use the graph topology on 15(77). Let 

= {aGl?(77) : ||a|| < 1, ||77(a)|| < 1}. 

Clearly, is a closed subset of T>{r]). Choosing an orthonormal basis {cnj^^i^ in H and setting 



00 ^ 



4^ 

n=l 
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we define a metric d on K. One can easily show that the topology induced by this metric coincides 
with the graph topology on V^i]) restricted to K. Moreover, the mapping 

(°° ® I \ f °° ® \ 



is an isometric embedding and the target Hilbert space is separable. Therefore there exists a 
denumerable subset dense in K. The linear span of this subset is the core for r/ of the form (jB.7|) . 

Multiplying if necessary by a decreasing sequence of positive numbers we may assume that 
^ ||c„|| < oo and X^||7?(cn)|i < oo. Using sequence {cn}n=i2 ' ^® define a bounded linear 
mapping c 

Ti 3 X I > CX = CnX. 

n=l 

Then c*c = CraC„ G M. Let d — y/c*c and c = ud he the polar decomposition of c. Then 

d G M and the isometry u is of the form 

UnX € H, 
n—1 n—1 

where all Un & M and ||m„|| < 1. Relation c = ud means that 

(B.8) c„ = Und 

for all n = 1, 2, . . . , whereas relation d = w*c is equivalent to 



The above series is norm converging. Also the series ^ u* ?7(cn) is norm converging. Remembering 
that rj is closed we conclude that d G 'D{rj) and Md C 2?(?7) {T>{rf) is a left ideal!). Formula IjB.Sp 
shows now that the set (|B.7|) is contained in Md. Therefore Md is a core for rj. 

The element d constructed above is self-adjoint and positive. We may assume that \\d\\ < 1. Let 
/ be a simple function on [0, 1) defined by /(O) = and 



fit) = TT^T for t e 



1 1 



2^1+1 ' 



for n — 0, 1, 2, ... . Then t/2 < f(t) < t ior t G [0, 1]. Using this estimate one can easily show 
that d and f{d) generate the same left ideal in M: Md ~ M f{d). Moreover /(d) > and 
Sp/(d) C {1, 2^^, 2^^, . . . , 0}. This way the last Statement of our Proposition is shown. 

□ 

Definition B.4. Let B be an operator algebra acting on a separable Hilbert space Ti. and rj be a 

closed densely defined GNS-mapping on B . Assume that {i^n}„=i 2 ^•s sequence of elements of 
TL such that Bfl^ J- Bfl^ for n ^ m and 

00 

(B.9) f]{b)=J2bnn- 

n 

for any b E 'D{rj). Then we say that (jB.9ll is a vector presentation of the GNS mapping rj. 



Proposition B.5. Let (|B.9|) be a vector presentation of a GNS map rj of a closed densely defined 
GNS map rj. Then for any b G T>{rj") we have 



(B.IO) rj"{b) = ^ bVLr, 



Proof. Let Pn be the orthogonal projection onto Biln {n ~ 1, 2, . . . ). Then P„ (71 1, 2, . . . ) are 
pairwise orthogonal projections and denoting by Pq the projection onto the orthogonal complement 
of ^®_Bf2„ we obtain the decomposition of unity: 

00 

i = E^" 

n=0 
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Clearly all P„ belong to B' . For n = 1,2, . . . we have 

oo 

PnVib) = Pn = 

n=l 

for all 5 e B. It shows that Pn G X'(?7') and r]'{Pn) = fin- Moreover PoT]{b) = for aU b e B. 
Therefore Pa G V{f]' and r]'{Po) = 0. 

Assume that b S Virj"). Then for any c £ 25(?7') we have erf' {b) — bri'{c). Setting c = P„ we 
obtain PnV"{b) ^ bif{Pn) ^ 617„ for n = 1, 2, . . . and Pov"{b) = ^(^o) = for n = 0. Summing 
over n we get (|B.10|I . 

□ 

Definition B.6. A vector presentation (jB.9ll is said to be exact if'D{rj") coincides with the set of 
all elements b G B" such that the sum (jB.10|l is convergent. 

We know that any bounded GNS-map 77 is of the form rj{a) = afi, where il ^ H. We shall use 
the Proposition IB. 31 to prove the following nice generalization of this fact. 

Theorem B.7. Let B be an operator algebra acting on a separable Hilbert space TL and rj be a 
closed densely defined GNS-mapping on B. Then rj admits an exact vector presentation. 

Proof. Let rf be the commutant of r/. By Proposition lB.3l there exists d G 'D{ri') such that B'd is 
a core for rj' . Assume that a vector x G kerd. Then cdx = for any c £ B' . Therefore x is killed 
by all elements oi'D{r]'). Remembering that T>{r]') is strongly dense in B' we see that x = 0. This 
way we have shown that kerd = {0}. 

By the last sentence of Proposition lB.31 we may assume that d is a self-adjoint positive operator 
with spectrum contained in {1, 2~^, 2~^, . . . , 0}. Then 

00 

Tl=l 

where P„ G B' are orthogonal projections such that PnPm — for n ^ m. Remembering that the 
kernel of d is trivial we obtain 



n=l 

nn = 2"P„ry'(d). 



For any n = 1, 2, . . . , we set: 
Then dil„ — Pnri'{d) and 

00 00 

(B.ll) ^ dri„ - ^ Pnri'{d) = ri'{d). 

n—l n—1 

The reader should notice that the above series is norm converging. Since P„ G B' , the subspace 
PnTi. is B-invariant and Bfln C PnTi-. Remembering that PnPm = we see that Bfln J- Bftm for 
n^m. Formula P„ = 2"P„d shows that P„ G V{rj') and 77'(P„) = 2"P„ry'(d) = for aU natural 
n. 

Let b G 'D{ri). Then, for any natural n, Pnri{b) = brf{Pn) = bfln. Therefore 

00 00 

n— 1 n—l 

Clearly the above formula is a vector presentation of 77. If the series 

00 

X — biln 



is converging for some b G B", then, using ljB.ll|) we obtain: 

00 00 00 

dx = dbiln — bdfln — b dftn = bri'(d). 

n—l n—l n—l 

Therefore for any c G B', cdx — cbrf{d) ~ bcri'{d) = bri'{cd). Remembering that B'd is a core for 77' 
we see that cx = brj'{c) for all c G 'D{ri'). Hence b G 'D{rj"). It shows that the vector presentation 
constructed above is exact. 

□ 
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Let US also note the following interesting 

Proposition B.8. Let B an operator algebra acting on a separable Hilbert space Ti., rj be a closed 
densely defined GNS mapping on B with a vector presentation 

(B.12) r^ib) = J2b^n 



and Pn G T^iv') the orthogonal projection onto BVln, n — 1,2,... {see the proof of Proposition 
IB.5I1 . Then the following statements are equivalent: 

(1) The vector presentation (|B.12ll is exact. 

(2) The left ideal of B' generated by {Pi, P2, . . .} is a core for r/. 
Proof Ad 2 ^ 1. 

Let b be an element of B" . If the series X^fc^^fc convergent, then for any a ^ B' and any 
n — 1,2, . . . we have: 

bri'{aPn) = abri'{Pn) = a5f2„ = aP„ ^ bilk ■ 

k 

If the left ideal in B' generated by {Pi, P2, ■ ■ ■} is a core for 77' then brj'{a) = a^^. bilk for all 
a e Hence b E Tyiji") and rj"{b) = 60^,. It shows that the vector presentation ljB.12|) is 

exact. 

Ad 1 ^ 2. 

Assume now that the left ideal / of B' generated by {Pi, P2, . . . } is not a core for 77'. Let 9 be 
the closure of rj' restricted to /. Then 6 : B' ^ H is a GNS mapping, 9 C r/' and 6 ^ rj' . Therefore 
r]" C 9' and 77" ^ 9'. Hence there exists b e V{9') such that b ^ V{r]"). Clearly P„ g V{9) and 
6»(P„) = i{Pn) = ^n- Now we have 

ba„=b9{P,,)^P,-,9'{b) 

and the series '^b^n = J2n^ri9'{b) is convergent. Remember that b ^ T){r]") we see that the 
vector presentation HIj.l2() is not exact. □ 

C. Weights on C*-algebras. In this Appendix, we collect some basic properties of weights on a 
separable C*-algebras and their relations with GNS mappings. Let /i be a weight on a C*-algebra 
A. We shall use the standard notation: 

— {a E A: h{a*a) < 00} , 

mh= {aeA+: Ha) < oo}""°=^'' ''P'^" 

= {a*6: a, foe ^P"" 

Then is a left ideal and OJl/i is a hereditary subalgebra in A. It is known that h extends uniquely 
to a linear functional on 3Jl/i . We say that h is locally finite if 'Vlh is dense in A. 

By the GNS construction one can find a Hilbert space Ti, a representation tt of yl acting on Ti. 
and a GNS-map r] defined on the C*-algebra B — n{A) such that 

V{Ti)^{Ti(b):bE^h}, 

the range of rj is dense in Ti and 

M^{a))r = h{a*a) 

for all a £ 01/,.. We say that (T-C,Tr,ri) is a GNS triple associated with the weight h. It is unique 
up to a unitary equivalence. If h is finite then the GNS-map 77 is bounded, defined on whole Tr{A) 
and there exists a vector G H such that 77(6) = bil for all b G B. In the general case we would 
like to have the map 77 closed. This is the case if the weight h is lower semicontinuous, i.e. if for 
any t € M+ the set {a G A+ : h{a) < t} is closed in A in the sense of the norm topology. By a very 
important result of Haagerup [5], any lower semicontinuous weight h on a C*-algebra A is of the 
form 

(C.l) h = Y,hi, 

where {hi}^^j is a family of positive functionals on A. For separable C*-algebras the above sum is 
countable: 
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Lemma C.l. Let h be a locally finite lower semicontinuous weight on a separable C* -algebra A. 
Then there exists a countable family {hi}^^^^ of elements of A'^ such that 



(C.2) 



h = ^ hi 



Proof. We start with formula IjC.ip . Replacing if necessary hi by the sum of A^-copies of hi/N, 
(where is a natural number larger than \\hi\\) and removing zero-terms, we may assume that 
\\hi\\ < 1 and hi for all i G /. Let A be the set {if; e A*_^_ : WipW < l}. Since A is separable, the 
weak* topology on the unit ball of A* is metrizable. Denote a metric by d. Put 



/i = e / : d{h^,0) G [l,oo)} 



It suffices to show that each /„ is finite. Suppose that /„ is infinite for some n € N. Since A is 
weak* compact, there exists a sequence im G /„ (m = 1,2,...) and an element ip G h- such that 
hi^ — > when m — > oo. Clearly (i(V', 0) > and ip ^ 0. For any a G we have 



hi^{a* a) < hi(a*a) ~ h{a* a) < oo. 



It shows that ^(a*a) = lim,„^oo /ii,„ (a*a) = 0. Remembering that is norm-dense in A we 
conclude that ^ = 0. This contradiction shows that /„ is finite for all n G N. 

□ 

Theorem C.2. Let h be a locally finite lower semicontinuous weight on a separable C* -algebra A 
and (7i, 7r,77) be the GNS-triple associated with the weight h. Then TL is separable and rj is closed. 

Proof. We may assume that h is given by l)C.2|l . Let {Ti.i,ni,rii)he the GNS triple associated with 
hi. In this case r]i are continuous. Remembering that A is separable and that the range of rji are 
dense in Jii we conclude that Jii are separable. By Lemma |C.1I the index set J is denumerable. 
Therefore the direct sum 

~ V — > ® 

H = ^ Hi 

is a separable Hilbert space. Using (|C.2(I one can easily show that 

2 



for any a G D^/i . Remembering that the range of rj is dense in Ti, we see that there exists a unique 
isometry U : Ti — > TL such that 



V — ^ ^ 

Uri{'K{a)) 1^^i^T,{a)) 



Therefore Ti is isomorphic to a subspace of a separable Hilbert space. It shows that H is separable. 



Let i G /. Then hi{a*a) < h{a*a) for any a G DT/,.. Combining this relation with the Schwartz 
inequality one can easily verify that |^i(a)| < ■\/||/ii||||r;(7r(a))||. Therefore there exists a vector 
^li G Ti such that 

(C.3) h,{a) = {n,\f]{7r{a))) 

for any a G OT/j. One can also easily show that (?7(7r(c)), 77(71(6))) — > hi{c*b) is a continuous 
sesquilinear form on the range of 77. Therefore there exists a bounded positive operator Ti acting 
on Ti, such that 

(C.4) K{c*b) = {r^{n{c))\T,\r,{iT{b))) 

for any c, 6 G DT/j. 

We shall prove that for any x G H and b G B = tt{A) we have the following equivalence: 

b G V{r]) 



(C.5) I and 

X = rj{b) 



TiX = bQi 
for all i G / 
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Replacing in (jC.3|l a by c*h and comparing with (|C.4ll we obtain Tii]{n{c)) = 7r(c)f2i for any 



c e 9^1^. It shows that 



(C.6) T,r/(6) = bn, 

for any 6 e T^iv)- This way we showed the part of ljC.5|) . 

We shall prove the converse. Setting in l|C.4() . c ^ b and summing over i G / we see that 



(C.7) E^» = l 

Assume now that x £ Ti, a £ A and TiX — n{a)Vli for alH G / and take a sequence 2 
of elements of 9T/i converging to a in norm. Using formula (jC.4|l one can easily show that the 
sequence < ■q{T:{an)) \ is convergent: 

L J n— 1,2,... 

lim r-^77(7r(a„)) = y^, 

n — >oo 

where yi £ Ti and = hi{a*a). Moreover, by formula ljC.6(l . 

T/j/i = lim Ti77(7r(a„)) = lim 7r(a„)f7i = 7r(a)ili = TiX 

n — ^00 n — ^00 

i i i 

It shows that x £ ker . On the other hand yi and T^^ a; clearly belong to the closure of 

1 1 i 

the range of . Therefore yi — x = and yi — x. Now we have: 

hi{a*a) = = {x\Ti\x) . 

Summing over i £ I and using (|C.7p we obtain 

h{a* a) — hi{a*a) — {x\x) < 00. 

It shows that 7r(a) G T>{?]). Now we may use formula l)C.6(l . It shows that Ti{r]{n{a)) — x) — and 
taking into account ljC.7(l we conclude: x = rj{'K{a)). The of ljC.5(l is shown. 

The closedness of 77 is an easy consequence of (jC.Sp . Let {6A};^gA be a net of elements of 'D{vi) 
converging strongly to an element 600 S B, such that x\ = rj (5a) converges to a vector Xoo G H. 
Then TiXx = bx^i- Passing to the limit we get TiX^o = ^oo^^i- It means that boo G 'D{'q) and 

□ 

Theorem C.3. Let B a C* -algebra acting on a separable Hilbert space Ti. and rj : B Ti. be a 

closed densely defined GNS map. Then the formula : 



(C.8) h{b*b) 



{v"ib)W'{b)) iibeV{ri") 
+00 otherwise 



where b runs over B" , defines a normal semifinite, weight h on B" . Its restriction to B is a locally 
finite lower semicontinuous weight on B. 

Proof. Let M ~ B" . We shall use Theorem IB. 71 Let (|B.9|I be an exact vector presentation of ?/. 
Combining (|Ij.lO|l with (|C.8|I we obtain: 

h{b*b) = ^{Q„\b*bn„) 

n 

for all b G Vij]"). Due to the exactness, this formula holds for all 6 G M . Therefore for any b G M_|_ 
we have: 

n 

It shows that his & normal weight on M (cf. [S]). Clearly h{b*b) < 00 for b G 'D{ri). The latter set 
is weakly dense in M. Hence h is semifinite. The last assertion is obvious. 

□ 

Definition C.4. A weight h on a C* -algebra A is said to be 

(1) faithful if for any a £ A, the relation h{a*a) = implies a = 0. 
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(2) strictly faithful if for 
bounded and lim„^oo 



any sequence {a„}^gpj in A such that the sequence {^(a^an)}„gN 
h{a„a'^) = 0, b = is the only element of A satisfying the relation 

h{{b - a„)*{b - an)) < /i(a*a„) 



IS 



(C.9) 



for all n eN. 

Assume that h is strictly faithful. Inserting a„ = in l|C.9|) we see that 6 = is the only element 
of A such that h{b*b) ~ 0. It shows that any strictly faithful weight is faithful. 

Lemma C.5. Let h be a locally finite lower semicontinuous weight on a C* -algebra A and (7i, tt, rf) 
be the GNS triple related to h.Then the following conditions are equivalent: 

(1) The weight h is strictly faithful. 

(2) The weight h is faithful and the mapping Sq : 77(a) 77(0*) (where a runs over'D{r])r\'D(ri)*) 
is a closable conjugate linear operator in Ti.. 

(3) The double commutant 77" is injective. 

Proof. Assume that the mapping 77(a) 1— s- ri(a*) is not closable. It is the same as to assume 
that the mapping 77(0*) 1— s- 77(a) is not closable. Therefore there exists a sequence {a„}„gjij in 
V{ri) n T>{ri)* such that {'n{o-n)}neN ™ Hilbert space H converges to zero in norm topology 
(i.e. the sequence {^(a„a* )}„gpj of non-negative numbers converges to zero) and {7;(a„)}„gpf in 
Ti. converges to some non-zero element x € Ti. (in particular the sequence {/i(a* a„)}^gjj of non- 
negative numbers is bounded). Remembering that the image of the GNS map 77 is dense in Ti. we 
find b £ 'D{ri) such that ||7;(&) — x\\ < \\x\\. Clearly b ^ 0. By definition x — lim r;(a„). Therefore 
||7;(&) — r/(a„)|| < ||7;(a„)|| for almost all 77,. This equation is equivalent to l)C.9(l and shows that the 
weight h is not strictly faithful. In this way we showed that Assertion 1 implies Assertion 2. 

We shall prove the converse. We now assume that the mapping 77(a) 1-^ 7;(a*) is closable. Take 
a sequence {a„}^gpj in ^{rj) f] T>{ri)* such that the sequence {'7(a* )}„gpj is norm convergent to 
zero and the sequence {7/(a„)}^gj^ is bounded. Passing to a suitable subsequence, we may assume 
that the sequence {?7(a* )}„gpj is norm convergent to zero and the sequence {ri(an)} weakly 
convergent to some element x £Ti. Then the pair (0, x) belongs to the (norm x weak)-closure of the 
GraphS'o = {(77(0*), 77(a)) : a G T>{r]) D 15(77)*}. In Hilbert spaces the weak and the norm closures 
of any convex set coincide. Therefore denoting by S the closure of Sq we obtain a; = 5*0 = 0. Now 
we compute as follows. Let b be an element in the C* -algebra A such that the inequality (|C.9p 
holds. Then h{b*b) < 2Re{r]{b)\r]{an)) and taking the limit 7i ^ 00, we obtain h{b*b) < 0. Now 
the faithfulness of h shows that 6 = 0. This proves that Assertion 2 implies Assertion 1. 

The equivalence of Assertions 2 and 3 is the well known part of the Tomita-Takesaki theory. 



D. Tomita-Takesaki theory. 

In this section we collect the main results on Tomita-Takesaki theory used in this paper. The 
less known results will be proven. Throughout the Section, M will be a von Neumann algebra 
of operators acting on a Hilbert space Ti. We shall assume that the embedding M C €{?{) is 
standard. Then any normal semifinite faithful weight h on M can be represented by a closed GNS 
map 77 densely defined on M with range dense in Ti, related to h by the formula 



for any a G M . Similarly any normal semifinite faithful weight k on M' can be represented by a 
closed GNS map 9' densely defined on M' with range dense in H. In what follows, 6 will denote 
the commutant of 6' . With this notation we have: 

Theorem D.l. 

1. There exists unique closed conjugate linear operator Si-d such that {0(a) : a e T^iO) D 15(77)*} 
is a core for S^d and 5rei0(a) = 77(0*) for any a e T){0) n 'D{r/)* . 

2. The adjoint operator Fid = S;^^ has a core {0'{b) : b G V{9') n X'(77')*} and F^c\9' {b) = r^' {b*) 
for any b G V{e') nV{rj')* . 

3. The operator A^^i = ^rci'S'rci depends only on the weights h and k [it is independent of the 
choice of the GNS maps 77 and 9' representing h and k). 



□ 





-|-oo otherwise 
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4. The operator Ji-oi appearing in the polar decomposition S-^cX = J-cci^ii is antiunitary and 

J,,lMJ*,y = M'. 

To see that the domain of 5ici is dense in Ti, we notice that a*b E 'D{9) and {a*h)* = b*a G 'D{r}) 
for any a € 'D{rj) and b E 'C>{9). Therefore a*9{b) — 9{a*h) belongs to the domain of S'rei and 
S,a\a*e{h) = 77(6*0) = &* 77(a). It turns out that {a*e{h) : a E V{r]), b E V{9)} is a core for S,c\- In 
fact one can prove a httle more: 

Proposition D.2. Let Vi C T>{ri) be a core for 77 and I?2 C 'D{9) be a core for 9. Then 

{a*9{b) :aePi, b E V2} 

is a core for Syci- 

The similar statement holds for i^rci- 

According to (SIj the relative modular operator Arci is called the Radon-Nikodym derivative of 

f. Clearly Are, = f 



h with respect to k and denoted by 4p. Clearly Arei = jr is a positive self-adjoint operator acting 



on H. 

Theorem D.3. Let h be a weight on M and k be a normal semifinite faithful weight on M' . Then 
for any a E Mand t eM. the element 

dhV fdh^-'' 



dk J \dk 

belongs to M and is independent of the choice of the weight k. 
We set 

Clearly {cr^'l^^j^ is a strongly continuous one parameter group of automorphisms of AI. It is called 
the modular automorphism group related to the weight h. 

Theorem D.4. Let h and hi be normal semifinite faithful weights on M and k be a normal 
semifinite faithful weight on M' . Then for any t G R the element 

dh\^* / dhi 

dk) ydk 

belongs to M and is independent of the choice of the weight k. 
We set 

. „, „, N f dh\ ( dhi 

^^'■■^'^^^-[dk) u 

Clearly {{Dh : Z3/ii)t)tgR is a strongly continuous one parameter family of unitaries in M. It is 
called the Radon-Nikodym cocycle. One can easily verify that 

(Dh : Dhi)t+r = a';:{{Dh : Dhi)t){Dh : Dhi)r 
= [Dh : Dhi)ta^^{{Dh : Dhi)r), 
CT^'(a) = {Dh : Dhi)tat^{a){Dh : Dhi)l 

for any r e M and a E M . 

Theorem D.5. Let rj and 9 be closed GNS mappings densely defined on M with the ranges dense in 
Ti., S'rei be the corresponding closed conjugate linear operator introduced in Statement 1 of Theorem 
ID. II and a E M. Assume that a E T>{9) and 9{a) E I?(S'rei). Then a* E 'D{ri) and {obviously) 
Srci9{a) = rj{a*). 



Proof. By the Theorem IB. 21 77" = 7;. Therefore it is sufficient to show that 
(D.l) a*ri'{b) = bS,ei9{a) 

for any b E 'D{rj'). For any c E T>{9') we have 

{9'{c)\bSr,i9{a)) - {b*9'{c)\S,,y9{a)) 
= {9'{b*c)\S,,i9{a)). 
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The reader should notice that b*c e V{9') and (6*c)* = c*b e V{r]') (because V{e') and V{r]') are 
left ideals in A/'). Therefore (cf. Statement 2 of Theorem Dl) 0'{b*c) G ©(i^rei) and F,eiO'{b*c) = 
rf{c*b) — c*ri'{b). So we have 

{e'{c)\bs,,,e{a)) = {e'(b*c)\s,,,e{a)) 

= {e{a)\F,,^e'{b*c)) 

= {e{a)\c*i{b))^{ce{a)\i{b)) 

= {ae'{c)\i{b))^{e'{c)\a*i{b)) 

and (|D.1|) follows. □ 
In the next theorem we set 9 — rj. In this case we write S, F, A and J instead of S-cch ^ici, ^rc\ 
and Jrci- One can easily verify that S and F are involutive: S^^ — S and F^^ = F. It implies 
that = 1, J* = J and JAJ = A^i. With this notation we have 

Theorem D.6. Let h be a weight associated with the closed densely defined GNS mapping with 
dense range. Then 

1. is -invariant and 

for any a G C(?7) and t G K. 

2. V{r]') = JV{rj)J and 

for any a G T^iif). 
We shall also use 



r/\JaJ) — Jri{a) 



Theorem D.7. Let r/ be a closed GNS mapping densely defined on M with range dense in TL, h 
be the weight on M related to rj and a'^^^ analytic generator of the corresponding modular 

automorphism group. Assume that a £ 'D{rj) and b E 'D{a^i^). Then ab G 'L){ri) and 

(D.2) f^{ab)^Ja1/^{brMa). 

Proof We know that cr^'(6) = A**6A-**. Let c = cr'l/^ib)- Then bA^/'^ C A^/^c and by passing to 
the adjoint operators 

(D.3) c*Ai/2 c A^^^b*. 

Let {wijjgj be a net of positive elements of 2?(ry) converging strongly to /. Then WjO and (uia)* = 
a*u, belong to V{r]). Therefore ri{a*u,) = Sr]{u,a) = JA^/^r]{u,a) = A-^/^j7j{u,a) G V{A^/^). 
By (|d3)| b* maps V{A^/^) into V{A^/^). Hence T]{b*a*u^) = b*r]{a*u,) G X>(Ai/2) = V{S). Using 
Theorem *** we see that Uiob = {b*a*Ui)* G L){ri). Remember that Jc*J G M' commute with 
Ui € M we obtain 

UiJc* J7]{a) = Jc* Juir]{a) 

= Jc* Jr]{uia) = Jc* JSri{a*Ui) 

= Jc*A^/^r){a*u,) = JAi/26*,^(a*u,,) 

= Srj{b*a*Ui) — ri{uiab). 
We take the limit with respect to i. Since 77 is closed, we conclude that ab G 25(77) and 
(D.4) T]{ab) = Jc*Jr]{a). 

Clearly this formula coincides with l|D.2l) . □ 
The modular group and Connes' Radon-Nikodym cocycle are canonical constructions. If r is 
a normal automorphism of a von Neumann algebra M then for any faithful semifinite normal 
weight h on M, h°T is a faithful semifinite normal weight on M and crf""^ = r~-'^ocr^oT for all t gM.. 
Similarly for any faithful semifinite normal weights h and hi on M we have: {D{h°T) : D{hioT))t — 
{{Dh : Dhi)t) for all t G M. For antiautomorphisms the formulae are slightly modified: 

Proposition D.8. Let M be a von Neumann algebra and R be a normal antiautomorphism of M . 
Then 

(1) For any faithful semifinite normal weight h on M and any t G K we have 
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(2) For any faithful semifinite normal weights h and hi on M and any t £W we have: 
{D{hoR) : D{hioR))^ = [{Dhi : Dh)^t) ■ 

E. Tensor Product. 

In this section we discuss the tensor product of GNS-mappings. Let A be a non-degenerated C*- 
algebra of operators acting on a Hilbert space Ti. and rj : A ^ Ti he a densely defined closed GNS 
mapping. Similarly let _B be a non-degenerated C*-algebra of operators acting on a Hilbert space 
JC and 6 : B ^ K. he & densely defined closed GNS mapping. Then A® B \s a. non-degenerated 
C*-algebra of operators acting on 7i ® /C. We shall consider the algebraic tensor product ry ®a\g S- 
By definition P(r/ (8)aig 0) = V{ri) (g)aig V{e). Clearly 

(a (g) b){ri (K)aig 0){c) = c{vi\a) ® 6' (b)) 

for any c £ f (77) (g)aig 2^(6'), a g 'D{r]') and b S 'D{6'). Using this formula one can easily show that 
the mapping 77 ®a\g 9 is closable. Indeed if (cq.) is a net of elements of T>{ri) (g)aig 1^(9) converging 
strongly to such that (77 Cg)aig 9){ca) x £ Ti, ® JC then using 1^ and passing to the limit we 
obtain (a ® b)x = for all a £ 'D{rj') and b G 15(6''). Hence x = and 77 Oaig & is closable. 

By definition 77 (g) is the closure of 77 ®aig 6- We shall prove that 77 ® is a GNS mapping acting 
from A® B into H ^ JC. 

Let a e A, e _B and c e 15(77 6). Then there exists a net (cq) of elements of T>{ri) (g)aig 
such that Cq, — > c strongly and (77 ^aig 9){ca) (rj <S) 0)(c) in norm. Passing to the limit in the 
obvious equality 

{V ^laig 0){{a «) b)ca) = (a (g) 6)(77 (8)aig 6')(c„) 
we conclude that (a (g) 6)c S I?(77 (g) and 

(?7 fgaig 9)iia ® 6)c) = (a (g) 6)(77 (gaig 6')(c) . 

Using the same method one may replace in the above statement a® 6 by any element oi A(S) B. It 
shows that 77 g) 6* is a GNS-mapping. 

Remark E.l. By our definition 15(77) g)aig 1^(0) is a core for rj® 6. 

In the same way one introduces the tensor product of GNS mappings defined on von Neumann 
algebras. 

Theorem E.2. Let -q : A ^ TL and 9 : B ^ JC be closed densely defined GNS mappings. Then 
(E.l) {rj ® ey = rj' (g) 9' . 



Proof. For simplicity assume that 77" and 9" are faithful and have dense ranges. Then (7/ g) 9)" 
is also faithful and has dense range. We may use Tomita-Takesaki theory. Using Proposition 
ID. 21 with 9 = rj replaced by 77 g) 6* and Di = D2 replaced by Vlr]) g)aig 'D{9) one can easily show 
that the operator S related to (77 g) 9)" is the tensor product of operators S related to 77 and 
9. Consequently we have the same statements for operators A and J. Now (jE.ll) follows from 
Statement 2 of Theorem lESl □ 



Corollary E.3. Let 

77(a) =^ar2f and 6'(&)==^6*^ 

£ k 

be exact vector presentation of GNS mappings rj and 9. Then 
(E.2) (77(g0)(c) = ^c(0^(gr!fc) 

is an exact vector presentation of <S> 9. 



Proof. Let Pg E C{H) he the orthogonal projection onto Afle and Qk £ ^{JC) he the orthogonal 
projection onto S^ffc. Then Pi®Qk is the orthogonal projection onto {A g) B){Vli g) ^Pfc) According 
to Proposition IB. 81 the left ideal in A' (in B' resp.) generated by {Pi, P2, . . . } (by {Qi, Q2, • • ■ } 
resp.) is a core for 77' (for 9' resp.). Therefore the left ideal generated by {Pg ®Qk : £,k = 1,2,...} 
is a core of rj' ® 9' = [rj ® 9)' . Using again Proposition IB. 81 we see that (|E.2|I is an exact vector 
presentation. □ 



A C*-ALGEBRAIC FRAMEWORK FOR QUANTUM GROUPS 



63 



F. Analytic generators. In this Section we give necessary information on analytic generators of 
one parameter groups of isometrics of Banach spaces. Let i? be a Banach space and {oftjjg^ be 
a one parameter group of isometries of B: \\at{a)\\ = \\a\\, at{as{a)) — at+s{o-) and ao{a) = a for 
any a G B and s G R. We shall always assume that the group is pointwise continuous: for any 
a e B, \\at{a) - a|| — > when t ^ 0. 

Let us recall |401 | that the analytical generator of the group {atj^g^ is the linear operator 
acting on B in the following way: 

For any a,b € B: a € 'D{ai) and b — ai(a) if and only if there exists a mapping z l—^ az (z B 
continuous on the strip {z G C : 3z g [0, 1]} and holomorphic in the interior of this strip such that 
at — at{a) for all t G R and ai = b. 

It is known that at is a closed densely defined linear mapping. 

Proposition F.l. Let B^ be Banach spaces, {<^t}teR pointwise continuous one parameter 
groups of isometries of Bk and a\ be the corresponding analytical generators (fc = 0, 1, . . . , X — 1). 
Moreover let 

'i/ : Bq X Bi X ■ ■ ■ X Bk-1 — > C 
be a continuous K-linear form such that 

(F.l) ^{a^,{ao),a]{ai),...,af-^[aK-i)) = -^{ao.ai, . . . .ok-i) 

for any au G X'(af ) (fc = 0, 1, . . . , if - 1). Then 

(F.2) *(a°(ao),at(ai),...,af"i(aK_i)) = ^{ao.ai, . . . ,aK-i) 

for any t G M and e Bk (fc = 0, 1, . . . , X - 1). 

To prove this proposition we shall use the following result known as Carlson's Lemma (cf. [281 
page 228]): 

Proposition F.2. Let /(•) be a holomorphic function on the half-plane = {z G C : 5z > 0}. 
Assume that for some constant AI G M, f{z)e^^'^^^^ is bounded on C+ and that f{in) — for 
n G N. Then f vanishes identically. 



Proof of Provosition W .1\ Let C+ = C+ U R be the closure of C+. For any k — 1,2, . . . , K we 
set _ 

{there exists continuous map: C+ 3 z — > a(z) G 
a £ Bk : holomorphic on C+ such that for some constant M G R, 
a(z)e^^'^^^ is bounded on C+ and a{t) = a^Xa) for alH G 1 

Let flfe G Pfc {k = 0,1, . . . , K — 1), ak{z) be the holomorphic extension of a^{ak) (cf. the above 
definition of Dk) and 

g{z) = *(ao(2;), 01(2:), . . . , aK-i{z)). 

Then, for any n G N, afc G I?((a^)") and (a*^)"afc = ak{ni). Taking into account Assumption 
()F.1|I we see that g{in) = g(0). Now one can easily show that the function f{z) ~ g{z) — g{0) 
satisfies the assumptions of the Carlson's lemma. Therefore g{z) — g{0) for all z G C+. For real z 
this formula coincides with IF. 21). 



To end the proof we have to show that for each k, T>k is dense in Bk- Let a ^ Bk- For any e > 
we set 

2vr (1 + IT) 

It turns out that G T>j^.. Indeed one can easily verify that the map 

C+3z-^ a,iz) = ^— [ —\ —2 "er (a) G B^ 

Jr (1 _ i| -I- tr) 

is the holomorphic continuation of cij'(ae) satisfying all the requirements of definition of T>k- Using 
the Lebesgue dominating convergence theorem, one can easily show that 

f 1 f e^+^^ \ 
lim a^ = — / ^7 dr ] a — a. 

e^O \^2^iR (l + zr)2 J 

It shows that any element of Bf^ is a norm-limit of elements of 2?^ . q 
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Theorem F.3. Let Bk be Banach spaces, {o^t^jfgjj be pointwise continuous one parameter groups 
of isometrics of B}~ and be the corresponding analytical generators (fc = 1, 2, . . . , K). 
Moreover let 

(F.3) * : Bi X ^2 X • • • X Bk-1 — > Bk 

be a continuous (K — l)-linear mapping such that 

(F.4) ^{ai,a2,...,aK-i) eV{af) 

and 

(F.5) af (^-(01, 02, . . . , QK^i)) = *(a,nai), a2(a2), . . . , af'\aK-i)) 

for any au E V{a'l) (fc = 1, 2, . . . , if - 1). Then 

(F.6) (*(ai, fla, . . . , a/f-i)) = (ai), a?(a2), ■ • • , af -^(0^-1)) 

for any t G M and au E Bk (fc = 1, 2, . . . , X - 1). 

Proof. Let Bq be the set of all a S B'^ such that the mapping t G M. ^ a o af £ B*p^ is norm 
continuous. Then Bq is a closed subspace of B*j^. For each a G B*j^ we set 

7^e(a) = / a oaf e^^'/^dt. 

Then 

V^^ Jr 

and hence TZ^{a) G Bq- Since 

7^e(a) - a = / (a o af - a)e~*'/^di, 

_Bo is weakly* dense in B*j^. The canonical bilinear form on Bq x Bk, will be denoted by (•,•). 
Since Tle{a) o af — TZe{a o af) for all t G M, the formula 

(F.7) (a?(ao), af (a/f )) = (ao, a^), 

where oq G Bq, € ^a", t G K, defines a one parameter group {«( j^^^ of isometries of Bq- Let 
be the corresponding analytical generator. By the holomorphic continuation we have: 

(F.8) {aUao),af{aK)) = {ao,aK) 

for any oq G 'D{a^) and uk G 'D{af- ). 

For any G 'D{a'^) (fc = 0, 1, . . . , if - 1) we set: 

*'(ao, fli, . . . , a^-i) (ao, *(ai, . . . , Ok-i))- 

Clearly ^' is a continuous K-linear form defined on i3o x i3i x • • • x Bk-i- Using l)F.8|l and (|F.5|I 
one can easily check that 

*'("°(«o),"i («i). ■ ■ • = *'(ao,ai, • ■ ■ ,ai<--i) 

for any G ^'(af ) (fc = 0, 1, . . . , if — 1). Now, Proposition lF. II shows that 

(a°(ao), *(Q!t (ai): • ■ • , "^oa'-i))) = (ao, *(ai, . . . , a^-i)) 
for any at & Bk (fc = 0, 1, . . . , if — 1) and < G M. Comparing this result with ljF.7p we get (|F.6|I . 

□ 

In particular, inserting in Theorem IF. 31 K ^ 2, Bi = B2 = B and ^' = ids we get 

Corollary F.4. Let B be a Banach space and {<^t}t^]g^ '^'^'^ l*^* IteR '^^^ parameter groups of 
isometries acting on B. Assume that the analytic generators a} C a|. Then a\ — and a] = of 
for all t G M. 

Let us go back to Theorem IF .31 Assume for the moment that the image of (jF.3p is linearly 
dense in Bk- Then the linear span of elements of the form (|F.4p is a core for af . This fact follows 
from the following 

Theorem F.5. Let a = {o^tlfgR be a one parameter group of isometries acting on a Banach space 
B and T) be an a-invariant linear subset ofT>{ai). Assume that T> is dense in B. Then D is a 
core for ai . 
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To prove this Theorem we shall use the regularizing operator TZa acting on B. By definition 

1 f°° 

(F.9) no, = —= e-^\rdT. 

One can easily verify that TZa is a norm one operator acting on B, the range TZa{B) C I?(ai) and 



is a bounded operator acting on B with norm less or equal e. Endowing 'D{ai) with the graph norm 
(ll^llcraph = ll^ll + l|Q^i(^)ll for ^-ny ^ ^ T^i^i)) wc scc that maps B into I'(ai) in a continuous 
way. If I? is a dense subset of S, then TZai'D) is a dense subset of TZa{B) in the sense of the 
graph topology of I?(Q!i). It means that the restrictions of to TZa{T>) and TZa{B) have the same 
closures: 



(F-10) o^^\n^{v) = "■'Ik„(b)- 

Proposition F.6. Let a ~ {o^tj^gR be a one parameter group of isometries acting on a Banach 
space B , b Cz B and V d B be an a-invariant linear subset. Then 

1. TZa{b) belongs to the smallest closed a-invariant linear subspace of B containing b. 

2. b belongs to the smallest closed a-invariant linear subspace of B containing TZa{b). 

3. TZa(T>) and V have the same closures: 



na{v) = v. 

Proof. Ad 1 and 2. It is sufficient to show that for any continuous linear functional ip on B we 
have: 

ip{at{b)) = 0\ f v'(at(7^„(6))) = 
for alH e M / I for alH € K 



(F.ll) 



For any ip G B'^ we set: fip{t) — ip{at{b)) and g^p{t) — tp{at{TZa{b))). Then f^p and are bounded 
continuous functions on M and may be considered as tempered distributions on M. In what follows, 
fip and g^p will denote the Fourier transform of f^ and g^. Therefore ljF.ll|) is equivalent to 

(F.12) (/^ = o) ^ (g^ = O) . 



Taking into account (jF.9|l we obtain 



^{TZa{b)) = — e-^"ipiaAb))dT. 

V'^ J-oo 

Replacing b by at(b) we obtain 

g^{t) = / e-^'fp{t + r)dT = ^ er^'-^^" f^i^r) dr. 

1 2 

On the right hand side we have the convolution product of the Gaussian function — e""^ with f^. 
Passing to the Fourier transform we see that gip equals to f^p multiplied by the Fourier transform 
of the Gaussian function. The latter has no zero points in K and l|F.12p follows. 

Ad 3. It follows immediately from Statements 1 and 2. □ 

Now we are able to prove Theorem lF.51 



Proof. We shall use Statement 3 of Proposition |F]6l in the following context. Instead of B we take 
^{ai) endowed with the graph norm. Clearly a is a group of isometries of 2?(ai). Therefore for 
any a-invariant subset 2? C ^{ai), the closures (in the sense of the graph topology) of TZa{T>) and 
V coincide. In other words 



(F.13) oti\n^(v) = ^Av 

Inserting in this formula T) — 'D{ai) and using the inclusion 'D{ai) d B we obtain 



Combining now IjF.lOjl . ljF.13|l and (|F.14p we get: a^jp — ai. It means that 2? is a core for a^. □ 
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Theorem r.7. Let a = {atj^g^ be a one parameter group of isometries acting on a Banach space 
B and a,b€ B. Assume that ai°lZa{a) ~ TZa(b). Then a e 'D{ai) and ai{a) = b. 

Proof. We shall use Statement 2 of Proposition IF. 61 in the following context. Instead of B we 
take B = B (B B. Clearly {cit}^^^, where St = a* © at for all t G R, is a group of isometries of 
B. Graph(Q!i) — {(a, ai{a)) : a G 15(0;^)} is a closed, S-invariant subspace of B. We assumed that 
Tla{a,b) — {TZa{a),TZa{b)) E Graph(ai). Using Statement 2 of Proposition lR6l and remembering 
that Graph(Q;i) is a invariant we see that (a, 6) G Graph(ai). It means that a G V^ai) and 
b — ai{a). □ 

Remark F.8. One can easily generalize Proposition It*'. II and Theorem II''. 31 for mappings ^' that 
are conjugate linear with respect to some variable (and linear with respect to remaining ones). 
If 5'(ai,a2, . . . jftif) is conjugate linear with respect to Ofc, then in all entries the should be 
replaced by a'^- (the analytic generator of {a^^]^^^. 
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